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Abstract

This work deals with the development of a nonlinear Periodic Event-Triggered

Control strategy employed to the consensus of a multi-vehicle autonomous system

based on (3,0) mobile robots. First, one proves the existence of the Control Lyapunov

Function (CLF) applicable to the consensus problem. This is subsequently used to

develop event and feedback functions. The Periodic Event-Triggered Control ensures

trajectories boundedness and convergence to consensus while a specific sampling

period is provided. Also, the formation problem is addressed as an extension of the

presented work. Experimental results show the performance of the proposed control

strategy which reduces 99.78% the number of control updates in comparison to a

continuous control law resulting in energy saving for the information transfer from

central control to mobile robots.
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1. Introduction

1.1. Background and context

The research field of cyber-physical systems (CPSs) has been developed during

the last years attracting the attention of scientists and engineers. The CPSs are the

combination of computational elements and physical entities that can interact with
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humans through many modalities, for comfort, safety, health monitoring and control

of industrial systems. So, it is necessary to have networks of sensors and actuators to

monitor and control the physical processes [1]. Consequently, the automatic control

community has been addressing this issue through the analysis of network control

systems (NCS), which are systems whose control loops are closed, where control sig-

nals among components of the mechatronic system (sensors, controllers, actuators,

etc.) flow through a network in real time from an elementary mechatronic system

to a network of mechatronic systems [2]. The fusion between the physical world and

information-driven functions (cyber) outlines many difficulties but produce innova-

tion, for instance, Industry 4.0 and the Internet of Things (IoT). For CPSs, it is

evident the use of digital systems and networks to save energy, space, and weight.

A CPS particular class is the cyber-physical vehicle system (CPVS) which covers

from terrestrial vehicles to aerial and marine vehicles [3]. Among many CPVSs, the

autonomous multi-vehicles networks (on land, under water and in air) have received

a growing interest in academic and industrial research. Many applications, such as

environmental mapping and monitoring, scientific exploration, load transportation,

surveillance, and rescue are surpassing the capacities of a single autonomous vehicle,

and they can be executed more rapidly and efficiently in a collaborative manner.

To be effective, the autonomous vehicles need to have the notion of a common goal

shared by the entire network, in order to obtain a consensus. Consensus or agree-

ment is one of the main problems in multi-agent framework, where a group of agents

satisfy on a common goal [4]. An agreement protocol, or control law for consensus

is an intercommunication rule that stipulates the data that a vehicle and all of its

neighbors on the network exchange. [5]. The common goal is typically centralized, in

the sense that it involves the states of all vehicles at the same time which are driven

by a central computer. Centralized approaches can present limited scalability, and

2



in some applications, it appears difficult maintaining the necessary communication

links such that the stability properties for the overall system are still guaranteed.

Nevertheless, in applications where the interaction among robots is required, the

centralized approaches may be reasonable to implement e.g. the real-time sensors

fusion [6]. On the other hand, it is often desirable to have individual control laws that

are distributed (decentralized) due to fundamental insights in the area of scalability.

One can determine what type of coordination approach (centralized, decentralized

or some combination thereof) is more suitable depending on the application and

task. The discussion associated with the cooperative control of multi-vehicle net-

works has testified an impressive increase in the last years, which presents quite

difficult an exhaustive relative positioning of the actual proposals (see special issues

[7, 8]). However, as was mentioned in [9], a big challenge in the actual state-of-

art is the control paradigm in the information function shared among vehicles in

a network where the stability is guaranteed and experimentally evaluated. Nowa-

days, controls for the autonomous multi-vehicle network are implemented on digital

processors; as a consequence, continuous communication is not possible because the

control law is computed and updated at discrete time instants. It results in sup-

plementary difficulties, like determining how frequently the vehicles in the network

should communicate to maintain the implicit properties in the corresponding control

algorithms and guaranteeing the stability properties. Our contribution explores a

specific centralized control approach for applications that enter in the general frame-

work of “robot clusters” [10, 11]. For that, one considers a limited size of vehicles

which are developed into a locale environment to allow global communication.

A highlight in the proposed strategy is the idea of considering the multi-vehicle sys-

tem as an individual entity, i.e., a cluster, for designating motions concerning cluster

characteristics, such as consensus and formations.
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Recently, some works have addressed implementations of control laws where the

computational resources are considered such as event-based control (event-triggered

or Lebesgue sampling). Taking into account that paradigm, the control law signal is

updated whenever it is indeed necessary i.e., when the state of the dynamics system

changes, and therefore, events arise. The roots of the event-triggered control philos-

ophy is in the works [12] and [13]. Event-triggered control is based on a triggering

function, which indicates if one requires or not to refresh the control value. The

primary event-triggered control policies consist of level-crossing strategies as in [14–

16]. In more involved strategies, the event function takes as input the current state

of the dynamical system and the memory of this state last time that an event oc-

curred as in [17, 18]. On the other hand, one categorizes the event-triggered control

into the following groups: Periodic Event-triggered Control (PETC) and Continuous

Event-triggered Control (CETC). In the case of PETC, the designer proposes the

sampling period, and the event function is evaluated periodically to indicate that the

control must be or not refreshed for the subsequent sampling instant [19, 20]. In the

scheme with Continuous Event-triggered Control renamed CETC, the evaluation of

the event function is updated continuously and whether an event takes place, the

control function is computed instantaneously [17, 21]. Examining CETC and PETC,

it is noticed that PETC motivates the implementation advantages about practicality

and conserves the benefit of diminishing the use of communication resources and the

number of controller updates. Since PETC systems could be considered as time-

delay systems, remarkable efforts in the framework of event-triggered have tackled

the stability issues using a time-delay approach, e.g., [20, 22]. An excellent overview

about stability of asynchronous sampled-data systems was presented in [23]. PETC

design has been also explored over approximation techniques as was done recently

in [24]. In cooperative distributed control, the event-triggered scheme emerges with

4



the propose to diminish the communication bandwidth in the network. In this case,

an event function requests communication among different nonlinear (or linear) dy-

namically interconnected systems (agents) just when a specific condition is satisfied

[25–27]. Special case of CETC consensus protocol is reported in [28, 29] where each

agent’s dynamic is represented by an integrator or double integrator. Furthermore,

other works have adopted the PETC paradigm [30–33]. Although the event-triggered

paradigm has shown advantages and benefits, there are only few researches in the

framework of real-time control and autonomous multi-vehicles with experiment re-

sults [34, 35] and applications to nonlinear systems such as DC-DC converter and

spacecraft systems [36, 37].

Among autonomous multi-vehicles, holonomic omnidirectional platforms and mainly,

the (3,0) mobile robot, has attracted the attention of the scientific and industrial com-

munity because of its high maneuverability [38, 39]. Consequently, these vehicles are

excellent in applications such as logistics, load transportation, security, and rough

terrain applications [40–42].

1.2. Contributions

In this paper, a Periodic Event-triggered Control scheme (PETC) for the average

consensus and formation problem of a multi-vehicle undirected network is presented

under a centralized control scheme. In the proposed strategy, the multi-vehicle sys-

tem is considered as a single entity, that is as a cluster, and each vehicle is repre-

sented by a (3,0) mobile robot. Since a cluster is a cypher-physical vehicle system,

our proposal exploits the robustness of centralized approaches on condition that the

communication between the cluster and the control station has an asynchronous

nature in order to reduce the communication bandwidth.

In contrast to some reported works where the vehicles’ dynamics is considered
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linear (e.g. simple or double integrator), in the present work, the nonlinear dynamics

of each vehicle is taken into account in the control law development, which represents

the first contribution. Assuming that a smooth Control Lyapunov function (CLF)

exists, the second contribution deals with a property of boundedness, which guaran-

tees convergence to average consensus and formation. This fact allows designing a

PETC strategy and an event condition based on the derivative of the CLF in such a

way the control signal is updated for all vehicles in the network (cluster) only with

the fulfilment of the event condition. Moreover, in the proposed approach the event

condition is only verified periodically, hence, one guarantees a minimum inter-event

time i.e., the sampling interval. The closed-loop system is implemented in real-time

to assess the proposed approach effectiveness. The experimental set-up consists of

four autonomous vehicles, namely, a physical (3,0) mobile robot together with three

virtual (3,0) mobile robots which are numerically implemented in a Personal Com-

puter (PC). The experimental results show a reduction of the number of broadcasted

control signals by 99.78%, in comparison with a continuous control law. This last

feature represents the third and principal enrichment of this work.

The structure of the paper is the following. Section 2 presents mathematical

preliminaries. The Periodic event-triggered control is developed in Section 3. The

mathematical system model is provided in Section 4. The Periodic event-triggered

consensus strategy for a cooperative network based on (3,0) mobile robots is devel-

oped in Section 5. Section 6 presents experimental results, attesting the performance

of the proposed strategy. In Section 7 conclusions are described.

2. Preliminaries

In this section some definitions of graph theory, multi-agent system and event-

triggered control are reviewed in order to introduce the reader to the topic of this
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paper.

2.1. Graph theory

When there is information exchange among vehicles, agents or nodes, it is more

natural to model via graphs. This paper is related to undirected graphs and the

following definitions are considered from [43].

Definition 1. A graph G = (V, E) is comprised of a set of nodes V = {1, ..., N}

and an edge set E ⊂ V × V .

The edge (i, j) ∈ E points out that the node j obtain information from node i.

Definition 2. The graph G is undirected whether for any edges (i, j) ∈ E, the edge

(j, i) ∈ E , i.e., both nodes communicate in bidirectional way.

Definition 3. The neighbor set of the i − th node, i.e., those nodes which com-

municate with node i is given by Ni, where |Ni| represents the number of neighbor

nodes.

Definition 4. The adjacency matrix A = [Aij] ∈ RN×N is defined as A = {Aij |

Aij = 1 ⇔ (i, j) ∈ E ∨ Aij = 0 ⇔ (i, j) /∈ E}.

Definition 5. The graph G is balanced if these condition is fulfilled:
∑N

j=1Aij =∑N
j=1 Aji ∀ i.

The undirected graph G is always balanced and the adjacency matrix A is sym-

metric.

Definition 6. The graph G is called connected whether a path from all i ∈ V to all

j ∈ V exists.
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Definition 7. The Laplacian matrix L = [Lij] ∈ RN×N is defined as L = D − A,

where the degree matrix D is represented as D = {Dij | Dij = |Ni| ∀ i = j ∨ Dij = 0

∀ i 6= j}. The Laplacian matrix satisfies Lij < 0 ∀ i 6= j and
∑N

j=1 Lij = 0 ∀ i = 1, ...

, N.

The Laplacian matrix for undirected graphs is positive semi-definite and sym-

metric. If the Laplacian has one eigenvalue at zero, i.e., 0 = λ1(L) < λ2(L) ≤ · · · ≤

λN(L) then the graph is connected. The connectivity of a graph can be indicated

through the second smallest eigenvalue λ2(L) . In addition, null(L) = span(1),

where null(·) means the null space and 1 = [1, · · · , 1]T ∈ RN .

2.2. The design of the Continuous Event-Triggered Control

Let the nonlinear dynamic system affine in the control, represented by (1) where

x ∈ X ⊂ Rn, u ∈ U ⊂ Rp, f(x) ∈ F ⊂ Rn and g(x) ∈ G ⊂ Rn×p are smooth functions

with f vanishing at the origin. Only the case of null stabilization is considered.

ẋ = f(x) + g(x)u (1)

The Continuous Event-Triggered Control (CETC) framework [44] assumes the

existence of a stabilizing feedback k̄ : X → U and therefore a Control Lyapunov

Function (CLF) V : X → R such that V̇ < 0. Two functions are required in the

framework:

• Event function ē : X × X → R symbolizes when the control system must

recalculate and refresh (ē ≤ 0) its value, or not (ē > 0).

• Feedback function k̄ : X → U , recalculated only in the case that an event is

generated.
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Theorem 2.1. [44] If a CLF related to (1) exists, then feedback based on the event

function (ē, k̄) given by (3) is smooth on X\{0}, i.e.,

∂V

∂x
f(x) +

∂V

∂x
g(x)k̄(m)<0, x ∈ X\{0} (2)

where m = x if ē(x,m) ≤ 0, and ṁ = 0 elsewhere. k̄ and ē(x,m) are as follows:

k̄(x) := −b(x)δ̄(x)γ(x) (3)

ē(x,m) := −a(x)− b(x)k̄(m)− σ
√
a(x)2 + θ̄(x)b(x)∆̂(x)b(x)T

with

• δ̄(x) : X → R,

• a(x) := ∂V
∂x
f(x) and b(x) := ∂V

∂x
g(x),

• ∆̂(x) := diag(∆̂1(x), ∆̂2(x), . . . , ∆̂p(x)) : X\{0} → Rp×p, is smooth and posi-

tive definite on: S := {x ∈ X |‖b(x)‖ 6= 0},

• θ̄(x) : X → R, is a smooth positive function, such that inequality a(x)2 +

θ̄(x)b(x)∆̂(x)b(x)T > 0, is ensured and \{0}θ̄(x)‖∆̂(x)‖ vanishes at the origin.

• σ takes values in [0, 1) and can be viewed as a tuning parameter for the event’s

generation,

• γ : X → R is given by:

γ(x) :=


a(x)+

√
a(x)2+θ̄(x)b(x)∆̂(x)b(x)T

b(x)∆̂(x)b(x)T
if x ∈ S

0 if x /∈ S
(4)
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3. Periodic Event-Triggered Control

Results in Theorem 1 are well motived, and they represent many benefits. How-

ever, the event condition requires to be evaluated continuously, and then it becomes

difficult to implement using actual computers and processors. An alternative is to

evaluate the triggered condition only at a priori fixed instant of time. This is the aim

of PETC, i.e. the event function is only evaluated periodically at the sampling in-

stant. When the controller is implemented on a digital platform, the measured state

must be obtained at sampling instants represented through the sequence of positive

real numbers Σs = {tl}l∈N̄ which is increasing and where tl=0 = 0, tl+1 − tl = h > 0,

and liml→∞ tl =∞. h is called the sampling period. Then, the state is sampled and

its value is sequentially given in {xl}l∈N̄, with xl = x(tl). In the sampled-data control

loop the event condition becomes

ē(xl, xk) := −a(xl)− b(xl)k̄(xk)− σ
√
a(xl)2 + θ̄(xl)b(xl)∆̂(xl)b(xl)T (5)

where xk = x(tk) is a memory of x at instant tk which is the last time when an event

was generated. Considering that−a(xl)−b(xl)k̄(xk) is the rate of change of Lyapunov

function V and σ

√
a(xl)2 + θ̄(xl)b(xl)∆̂(xl)b(xl)T is V̇ when u(xl) is used into the

system instead u(xk); If an event takes place at the instant tl, and ē(xl, x) becomes

positive (i.e. ē(xl, xk) = (1 − σ)

√
a(xl)2 + θ̄(xl)b(xl)∆̂(xl)b(xl)T > 0), therefore

tk+1 = min(tl > tk | ē(xl, xk) ≤ 0). Consequently, the event are specified by a

sequence of increasing positive real numbers Σe = {tk}k∈N̄, where tk+1 − tk︸ ︷︷ ︸
nsh

> 0, with

ns ≥ 1 like the number of sampling instants elapsed between two events. Note that

with the PETC scheme, the minimum time between two consecutive events becomes

at least the sampling interval.

In the sampled-data control loop, a control value sequence {uk}k∈N̄ is transformed, via
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a a zero-order hold, into the signal u(t) which is continuous, i.e., u(t) = u(tk) = uk,

∀t ∈ [tk, tk +1).. The triggered-condition (5) with the control law given in (6) results

in the Periodic Event-Triggered Control strategy.

uk = k̄(xk) = −b(xk)δ̄(xk)γ(xk) (6)

where δ̄(xk) and γ(xk) are defined as in (4). However, the first question is about the

sampling time, i.e. what with a discretized feedback in the closed-loop can happen?

or even, how the sampling time is properly chosen?. The following result allows the

design of an event-triggered discrete controller by means of a sampled version of (3)

with the appropriate sampling interval such that the stability properties (for the

sampled-data feedback) can be preserved and to be close to the performance of the

system with continuous-time event-triggered controller.

Considering the system (1) with control law (6). The closed-loop sampled-data

system can be represented as follows:

ẋ = f(x) + g(x)uk (7)

Furthermore, assuming that the continuous control law (3) has a Lipschitz constant

Ku in X . Then the following result is obtained:

Theorem 3.1. Considering the nonlinear system (1) and the balls B(d1) and B(d2),

such that 0 ∈ B(d1) ⊂ B(d2) with B(d2) bounded. Let’s assume that a CLF exists for

this system (relative to the origin). Then, there exists a Te = nsh + εs > 0 with εs

sufficiently small, such that whether tk+1 − tk < Te all trajectories of the system (7)

starting from B(d2) converge to B(d1) and remain it thereafter.

Proof. Let V be a CLF for (1) and let define the following sets: 0 ∈ Ω1 = {x | V (x) < c1} ⊂

B(d1). Ω2 = {x | V (x) < c2} ⊃ B(d2) where c2 = supx∈B(d2) V (x) andW = {x | V (x) < c3},
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with c3 = V (xk) > c2.

V̇ (x) =
∂V

∂x
(f(x) + g(x)uk)

=
∂V

∂x
f(x) +

∂V

∂x
g(x)u(x)︸ ︷︷ ︸

<0

+
∂V

∂x
g(x)(uk − u(x))

(8)

By continuity of all involved functions, let’s define

−ρ1 := sup
x∈W\Ω1

(
∂V

∂x
f(x) +

∂V

∂x
g(x)u(x)

)
< 0 (9)

ρ2 := sup
x∈W

∥∥∥∥∂V∂x g(x)

∥∥∥∥ (10)

and

ρ3 := sup
x∈W
‖f(x) + g(x)u(x)‖ (11)

Between the event interval tk and tk+1, x(t) can be expressed as follows

x(t) = xk +

∫ t

tk

f(x) + g(x)u(τ)dτ (12)

with the control u(τ) = uk for tk ≤ τ < tk+1.

Then, from (8)-(11) results in

V̇ (x) ≤ ∂V

∂x
(f(x) + g(x)u(x)) + ρ2Ku ‖x(t)− xk‖

≤ ∂V

∂x
(f(x) + g(x)u(x)) + ρ2Ku

∥∥∥∥∫ t

tl

f(x) + g(x)u(τ)

∥∥∥∥ dτ
≤ −ρ1 + ρ2Kuρ3Te for x(t) ∈ W \ Ω1

(13)

Let ρ4 > 0 be such that ρ1 − ρ4 > 0. Then, choosing Te <
ρ1−ρ4

ρ3ρ2Ku
results that
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nsh <
ρ1−ρ4

ρ3ρ2Ku
− εs and hence, it follows

V̇ (x) < −ρ4 for x(t) ∈ W \ Ω1 (14)

This inequality implies that, for any trajectory starting from B(d2) \ Ω1, the state

vector x(t) converges to the compact set Ω1 and remains thereafter.

Remark 3.2. While the size of Ω1 depends on the number of sampling instants

between event instants ns and the sampling interval h, it can be estimated a priori

by choosing ns = 1 and then determinate h such that (14) is satisfied.

Remark 3.3. Given h, the size of Ω1 can be modified a posteriori by means of sam-

pling instants between event instants (ns > 1), which depends on the event function

(5).

4. Multi-agent system modelling based on (3,0) mobile robots

The cluster of (3,0) mobile robots is established as a Multi-Agent System (MAS)

consisting of N (3,0) mobile robots (N agents). Fig. 1 presents the schematic

diagram of the i − th (3,0) mobile robot, where nw = [xw, yw, φw]T represents its

m = 3 degrees of freedom (d.o.f) i.e., its linear and angular velocity with respect

to the inertial frame {w}, θ̇ij is the j − th wheel angular velocity, rr = 0.0625m and

L = 0.287m are the radii of wheels and mobile platform, respectively.

Some assumptions are considered to obtain the kinematics of the (3,0) mobile

robot: 1) The mobile robot configuration and wheels are rigid. 2) The wheels cannot

slip. 3) The mobile robot movement is in a horizontal plane. Let the state vector

for the i − th mobile robot as xi = [xi1, x
i
2, x

i
3]
T

= [ xiw, y
i
w, φ

i
w]T and its control

signal as ui = [ui1, u
i
2, u

i
3]T , the kinematic model of the i− th mobile robot is given
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by (15)-(17) and in compact form can be represented as ẋi = Â(xi3)ui ∀ i = 1, ..., N

where Â(xi3) ∈ R3×3.

ẋi1 =

√
3rr
3

(
ui1 − ui3

)
cos(xi3)− rr

3

(
ui1 − 2 ui2 + ui3

)
sin(xi3) (15)

ẋi2 =

√
3rr
3

(
ui1 − ui3

)
sin(xi3) +

rr
3

(
ui1 − 2 ui2 + ui3

)
cos(xi3) (16)

ẋi3 =
rr
3L

(
ui1 + ui2 + ui3

)
(17)

It is important to note in (15)-(17) that the MAS of mobile robots consists of

three sub-MASs re-named as X1 = [x1
1, ... , x

N
1 ]T , X2 = [x1

2, ... , x
N
2 ]T , X3 = [x1

3, ... ,

xN3 ]T and each sub-MAS is related to the corresponding d.o.f. of the robotic system,

i.e., the dynamic of the sub-MAS X1, X2 and X3, is related to the coordinates xw,

yw, and φw, respectively. In addition, each sub-MASs has N agents.

Let X = [X1, X2, X3]T ∈ R3N the information of the state of agents and U = [U1,

U2, U3]T = [u1
1, u

2
1, ..., u

N
1 , u

1
2, u

2
2, ..., u

N
2 , u

1
3, u

2
3, ..., u

N
3 ]T ∈ R3N the control input of

the agents, hence the kinematic model of the MAS can be compactly represented as

Ẋ = F (X)U (18)

where the nonlinear smooth function elements F (x) ∈ R3N×3N are defined as:
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Fi,i =

√
3rr
3

cos(xi3)− rr
3

sin(xi3) (19)

Fi,i+3 =
2rr
3

sin(xi3) (20)

Fi,i+8 = −
√

3rr
3

cos(xi3)− rr
3

sin(xi3) (21)

Fi+4,i =

√
3rr
3

sin(xi3) +
rr
3

cos(xi3) (22)

Fi+4,i+4 = −2rr
3

cos(xi3) (23)

Fi+4,i+8 = −
√

3rr
3

sin(xi3) +
rr
3

cos(xi3) (24)

Fi+8,i = Fi+8,i+4 = Fi+8,i+8 =
rr
3L

(25)

5. Periodic event-triggered consensus for the MAS

A central controller is considered to periodically monitor the state X(t). Then,

the current control signal over the network is updated based on the state information

and the value of the broadcasted control law in the last time. The objective is to

find an event function that determines with the local information, the time instant

where the control law has to be updated and broadcasted.

5.1. Design of the CLF

The Periodic Event-Triggered Control for the N (3,0) mobile robot consensus

firstly requires a Control Lyapunov Function. Then, this section presents the method

to obtain the CLF to the MAS (18) of the (3,0) mobile robot.

Remark 5.1. The three sub-MASs related to the corresponding d.o.f. of the (3,0)

mobile robot is assumed to be undirected with the same communication topology.
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The communication topology is modeled as a connected graph G where the Laplacian

matrix of each sub-MAS is given by L ∈ RN×N .

The aim is to obtain U = ϕ̄(X) and V that fulfill the stability condition (26)

∀ j = 1, ..., 3 ∧ (i, k) ∈ E to reach the consensus.

lim
t→∞

xij = xkj and V̇ ≤ 0 (26)

Once the proof of the existence of a stabilizing control to the consensus is carried

out (U = ϕ̄(X) and a CLF V (X)), the Periodic Event-Triggered Control can be

revealed. Then, the first outcome is:

Lemma 5.2. Let’s the change of variable ∆ = X − Ā ∈ R3N and take into account

the following Lyapunov function V : R3N → R:

V (∆) =
1

2

m=3∑
j=1

N∑
i=1

(δij)
2 (27)

where ∆ = [δ1
1, ..., δ

N
1 , δ

1
2, ..., δ

N
2 , δ

1
3, ..., δ

N
3 ]T ∈ R3N , Ā = [1ā1,1ā2, 1ā3]T ∈ R3N ,

1 ∈ RN is a vector which its components are 1 and āj = 1
N

∑
i∈V x

i
j(0) ∀j = 1, 2, 3.

Then, (27) is a CLF for the consensus of the MAS (18) with the stabilizing control

U = ϕ̄(∆) = [ϕ̄1
1...ϕ̄

N
1 , ϕ̄

1
2...ϕ̄

N
2 , ϕ̄

1
3...ϕ̄

N
3 , ]

T ∈ RNm defined by:
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ϕ̄i1 =

(
ri2 +

√
3ri1

2rr

)
cos(δi3 + ā) +

(√
3ri2 − ri1

2rr

)
sin(δi3 + ā) +

Lri3
rr

(28)

ϕ̄i2 =
Lri3
rr
− ri2
rr

cos(δi3 + ā) +
ri1
rr

sin(δi3 + ā) (29)

ϕ̄i3 = −r
i
1 +
√

3ri2
2rr

sin(δi3 + ā)−
√

3ri1 − ri2
2rr

cos(δi3 + ā) +
Lri3
rr

(30)

and elements of the vector rj = [r1
j , r

2
j , ..., r

N
j ]T expressed as rij = −

N∑
k=1

Likδkj ∀

i = 1, ..., N , j = 1, 2, 3.

Proof. Let’s consider the Lyapunov function V is smooth, positive definite and

proper. Hence, the time derivative of V (X) considering the trajectories in (18)

results

V̇ (∆) =
m=3∑
j=1

N∑
i=1

δij δ̇
i
j (31)

V̇ (∆) =
m=3∑
j=1

N∑
i=1

N∑
l=1

δijFi+N(j−1),l+N(j−1)(∆)ϕ̄lj(∆) (32)

With the inclusion of the control law (28)-(30) in (32), the time derivative of the

Lyapunov function is

V̇ (∆) = −
m=3∑
j=1

N∑
i=1

N∑
l=1

δij δ
l
j Lil (33)

V̇ (∆) = −
m=3∑
j=1

∑
(i,l)∈E

(
δij − δlj

)2
(34)

where the sum is over the pairs i < j for which (i, l) ∈ E .

It is well known that V̇ (∆) < 0 as long as ∆ /∈ null(I⊗L) i.e., ∆ ∈ R3N\{∅∧δij =

δlj}. Moreover, the stabilization of the MAS (18) with the controller (28)-(30) is in
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R3N\{null(I⊗L)}, achieving the consensus at each sub-MAS. Accordingly, the CLF

for (18) is given by V .

Remark 5.3. The existence of the CLF (27) and the stabilizing control law (28)-(30)

in Lemma 5.2 indicates that the designed event-triggered feedback can be applied to

the mobile robots. Once the CLF is obtained, the stabilizing control law ϕ̄(X) (28)-

(30) is not used anymore. In the later section, the CLF is employed in the design

of the event-triggered controller U = k̄(X) = [k̄1
1...k̄

N
1 , k̄

1
2...k̄

N
2 , k̄

1
3...k̄

N
3 , ]

T ∈ RNm and

also in the event function ē.

5.2. Periodic event-triggered consensus control

The event-triggered control strategy can be adapted by using the CLF (27) as-

sociated with kinematic model of the MAS (18). Then, the following outcome is

stated.

Corollary 5.4. Let’s consider the CLF (27) and the MAS for the (3,0) mobile robots

(18), the event-triggered controller U = k̄(xk) (36), the event function ē(X,m) (37)

and θ̄ = b(X)T ∆̂(X)b(X) considering ∆̂(X) = diag{∆̂1
1...∆̂

N
1 , ∆̂

1
2...∆̂

N
2 , ∆̂1

3...∆̂
N
3 } ∈

RmN×mN , stabilizes the i− th agent for the j − th d.o.f. of (3,0) mobile robots at its

average consensus, i.e.,

δij(t)→
1

N

∑
i∈V

δij(0), as t→∞ (35)

which means that the average of the i− th agent related to the corresponding j − th

d.o.f. remains constant over time and for all i ∈ V . Moreover, the controller (U, ē)

is smooth in R3N\{0}.
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k̄(m) = −εb(X)Tγ(X) (36)

ē(X,m) = −b(X)k̄(m)− σb(X)∆̂(X)b(X)T (37)

where ε = diag{ε11...εN1 , ε12...εN2 , ε13...εN3 } ∈ RNm×Nm is a gain diagonal matrix, b(X) =

[b1
1...b

N
1 , b

1
2...b

N
2 , b

1
3...b

N
3 , ] ∈ R1×3N are given by

bij =
N∑
k=1

N∑
l=1

LklxkjFl+N(j−1),i+N(j−1)(X) (38)

and γ(X) is defined by

γ(x) :=

 w if x ∈ S

0 if x /∈ S
(39)

Remark 5.5. Note that the control system is performed such that the i − th agent

for the j− th d.o.f. of (3, 0) mobile robots converges to its average consensus X = A.

In the case where a formation is required, a change of variable [∆− Ξ̄]T ∈ R3N must

be made, where Ξ̄ = [ξ̄1
1 , ..., ξ̄

N
1 , ξ̄

1
2 , ..., ξ̄

N
2 , ξ̄

1
3 , ..., ξ̄

N
3 ]T ∈ R3N is the relative position

vector from the consensus point.

6. Experimental results

This section illustrates the theoretical results throughout experiments on a real-

virtual platform. The prototype consists of a network i.e., a cluster of four mobile

robots (four agents per d.o.f.) which includes one real mobile robot RMR1 and

others virtual (VMR2 − VMR4) as is shown in Fig. 2. The state vectors of the

Virtual Mobile Robots (VMRs) are obtained by solving the corresponding dynamics

ẋi = Âui ∀ i = 2, 3, 4, using Euler method. The periodic event-triggered formation

control and the state vectors are computed in Simulink on the Real Mobile Robot
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(RMR) onboard computer. The program is executed in real-time Windows kernel

with the Real-Time Windows Target toolbox. The onboard computer has a Mini-

ITX GA-D425TUD mother board incorporating a data acquisition system ”Sensoray

626”. The data acquisition system interacts with sensors and actuators of the RMR1

and obtains the state vector x1 at 200 Hz (based on an odometry system [45]). In

order to perform the formation control, the onboard computer provides the control

signal to the VMRs and RMR1. In the case of RMR1, the data acquisition system

supplies the information to the ’Advanced Motion model 12A8’ servo-amplifier for

the DC motors.

As an example, the graph G shown in Fig. 3 is taken into account for experi-

mental results. The associated graph is undirected as it was previously assumed and

the corresponding Laplacian matrix is provided by L = [1,−1, 0, 0; −1, 3,−1,−1;

0,−1, 2,−1; 0,−1,−1, 2] ∈ R4×4. The relative position vector to the consensus is

chosen as Ξ̄ = [−1,−1, 1, 1, 1,−1, 1, 1, 0, 0, 0, 0]T . The parameters for the experimen-

tal results are set as follows: The final time is 80s, the initial state vector X of the

MAS is given in Table I with the control parameters σ = 0.9, ∆̂i
j = 1 ∀i = 1, ..., 4

j = 1, ..., 3, ε = diag{50} ∈ R12×12. It is important to remark that the sampling

time h in the experimental results was obtained by using the Theorem 3.1. Then,

the maximum values of terms ρ1, ρ2, ρ3 and Ku are obtained through a series of

numerical simulations using the continuous-time control law (3) with σ = 1, and

choosing different initial conditions. In this case, the obtained values of such terms

are ρ1 = 41.5745, ρ2 = 0.3446, ρ3 = 8.6432 and Ku = 295.3770. Consequently, by

considering ns = 1, ρ4 = 1 and εs = 0.0403, the sampling time results in 5.8125ms.

For that reason, the experimental sampling time of h = 5ms is set.

The three sub-MAS related to the corresponding d.o.f. of the four mobile robots

present the same communication topology, hence each sub-MAS will reach their
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corresponding formation from the average of its initial values (consensus). The design

of the event-triggered formation control strategy considers the topology shown in Fig.

2. The continuous information flow is represented in solid lines and the discontinuous

one is denoted by dashed lines, i.e., this indicates the data transmission flow provided

by the event function into the collaborative network of (3,0) mobile robots. Only

one event function ē(X,m) (37) is required in this approach (based on the corollary

5.4) to simultaneously activate the feedback control signal k̄(m) calculated in (36)

to the three sub-MAS.

In Fig. 4a)-b), the event function and the asynchronous form of the event acti-

vation ē(X,m) are shown. The value of 1 in ē(X,m) means that ē ≤ 0 and hence

the control signal must be updated with the information data of the collaborative

network from (3,0) mobile robots. The related control signals are displayed in Fig.

6a) where the control signal through a zero-order hold are depicted. In Fig. 5 the

time between two consecutive event activations is displayed in order to confirm the

asynchronous way of the control signal update. It is observed that the average time

to transmit information flow and update the control signal by the central control is

around 2.23s with a maximum time of 6.31s.

In addition, Fig. 7a) and 8a) show that the formation is fulfilled for each sub-MAS

in spite of the control signal update reduction given by the proposed event-triggered

formation. It is also observed that the formation in the linear position X1 and

X2 is fulfilled through the displacement of the sub-MAS given by the corresponding

elements ξij ∀ i = 1, ..., 4, j = 1, 2 of Ξ̄ from the consensus. Moreover, as the displace-

ment ξi3 ∀ i = 1, ..., 4 of the angular position X3 is set to zero then, the corresponding

sub-MAS converges to the consensus. In addition, the Lyapunov function showed in

Fig. 9a), presents small increments due to the no update of the control signal given

by the event function. Nevertheless, the convergence is to a neighborhood of zero.
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On the other hand, a classical scheme of a continuous cooperative centralized

control law (control law periodically implemented with a sufficient small sampling

time and without the proposed event function) with the feedback signal k̄(xk) given

in (36), is implemented for comparative purposes. It is observed in Fig. 7b) and 8b)

that each sub-MAS converges to the desired formation. Unlike the periodic event-

triggered formation control, the continuous control law does not frequently change

the mobile robot orientation due to the vast control signal updates. Hence, control

signals are continuous (see Fig. 6b) and the Lyapunov function depicted in Fig. 9b)

converges asymptotically to zero.

It is important to remark that the continuous cooperative centralized control law

for the formation requires 16000 updates of the control signal within a time span of 80

seconds; meanwhile, the proposed approach only requires 35 updates provided by the

central control which results in a decrease of 99.78% for the transmitted information

flow, and in the same way for the energy consumption in the information transference.

7. Conclusion

The main contributions of this paper are the development and the real imple-

mentation of the Periodic Event-Triggered Control for the centralized formation of

a cluster conformed by (3,0) mobile robots, where the required event function com-

mands the control signal updates for all d.o.f. of robots. Firstly, a stabilizing control

is proposed to prove the existence of a smooth CLF for the multi-agent system.

With the proposed CLF function, the event-triggered control is obtained by apply-

ing the event-triggered stabilization universal formula. The control strategy ensures

a property of boundedness and convergence of the closed-loop system for reaching

the mobile robot consensus, therefore the formation control is seen as an extension

of the consensus problem.
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The experimental results show that the event-triggered formation reduces 99.78%

the control update number with regard to a continuous control frame (with σ = 1 and

h sufficiently small). Moreover, the closed-loop system performance is suitable and

also saves energy in the information transfer from the central control to mobile robots.

The proposed control strategy reduces the data transmission capabilities due to the

asynchronous controller, and thus a low power consumption for the communication

results.

Note that the presented results can be applied to nonlinear system affine in the

input. In the future, the extension to general nonlinear systems will be addressed.

A possibility to tackle this general problem is via a homogeneous system framework,

since they appear naturally as local approximation to nonlinear systems [46]. Be-

sides, since any asymptotically controllable homogeneous control system admits a

homogeneous control Lyapunov function [47–49], we suspect that we can use CLF

standard tools to propose a sampled-data event-triggered control strategy for homo-

geneous control systems.
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Table I: Initial conditions for the (3,0) mobile
robots.

Parameter X1 (m) X2 (m) X3 (rad)
Mobile Robot 1: RMR1 0 0 0
Mobile Robot 2: VMR2 -2 2 2π/3
Mobile Robot 3: VMR3 -3.5 -0.5 π/2
Mobile Robot 4: VMR4 2 -1.5 3π/4
Average: −0.875 0.0 1.5053

Figure 1: Schematic diagram of the i − th (3,0)
mobile robot.

Figure 2: Real-virtual platform for the experi-
mental results.

Figure 3: Schematic diagram of the MAS
for (3,0) mobile robots with Periodic Event-
Triggered Control system. The graph G for
each sub-MAS of the (3,0) mobile robot is
represented in doted lines. The vertex set and
the edge set of the graph G for the j − th
sub-MAS is given by ν = {1, 2, 3, 4} and E =
{(1, 2), (2, 1), (2, 3), (2, 4), (3, 4), (3, 2), (4, 2), (4, 3)},
respectively.
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Figure 4: a) Event function ē. b) Event activa-
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Figure 6: Control signals for the (3,0) mobile robot network.
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a) Periodic Event-Triggered Control. b) Continuous control.

Figure 7: Consensus for the (3,0) mobile robot network.
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a) Periodic Event-Triggered Control. b) Continuous control.

Figure 8: Behavior of the (3,0) mobile robots in the plane Xw−Yw with consensus control strategy.
The asterisk indicates the average consensus.
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a) Periodic Event-Triggered Control. b) Continuous control.

Figure 9: Lyapunov function behavior.
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