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Abstract

Four-bar mechanisms have increased their use in current applications from in-

dustrial to rehabilitation systems. These applications become more demanding

over time, and the control systems are required to provide them higher accuracy,

lower energy consumption, and an extended lifetime, among other conflicting

features. In addition to the previously mentioned demands, four-bar mecha-

nisms have highly nonlinear dynamics and are often subject to external loads

that make them difficult to control. In this paper, an indirect adaptive control

based on online multi-objective optimization is proposed to regulate the speed

of the four-bar mechanism and increase its lifetime by smoothing the control

action under the effects of uncertainties. This consists of a multi-objective op-

timization process for the online identification of the model parameters that

fulfill the performance demands of the mechanism. In this process, a multi-

objective optimization problem is stated and then solved by the novel Online

Hypervolume-based Differential Evolution (O-HV-MODE) in such a way that

several promising model parameter configurations are found in real-time, with

different trade-offs among the performance demands. O-HV-MODE takes ad-
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vantage of the past problem knowledge to accelerate the search for new solu-

tions and uses the Hypervolume metric to increase their convergence and di-

versity. Then, a single model parameter configuration is selected based on the

application necessities and is further used in the nonlinear compensator of the

computed-torque controller, while a fixed-gain PD control loop is used for stabi-

lization. The proposed control is validated through experimental tests and the

reliability of the results with the 99% Confidence Interval test. Also, the pro-

posal is compared with state-of-the-art linear and non-linear control approaches.

Keywords: Meta-heuristics, multi-objective optimization, adaptive tuning,

intelligent control, four-bar mechanism.
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1. Introduction

Four-bar mechanisms are found in a broad variety of engineering applications

from industrial tools [1] to rehabilitation systems [2]. The wide field of applica-

tion is due to their ability to accurately track nonlinear paths with great force

rates at a relatively low cost regarding their single degree of freedom. Never-5

theless, the main drawback of this kind of mechanisms is their highly-nonlinear

dynamic behavior which entails difficulties in controlling them.

A common approach to control four-bar mechanisms is the use of linear

controllers, for instance, PID controllers are used to control a micro aerial vehicle

that has four flapping wings (four-bar mechanisms) in [3]. Linear controllers are10

extensively found in the industry due to their simplicity and high performance,

but these controllers are far from the best achievable performance (faster speed,

more accuracy, or reduced control energy) in nonlinear dynamics (real-world

systems) and even in systems with uncertainties [4, 5, 6].

On the other side, nonlinear controllers can establish accurate nonlinear15

relationships between a system feedback response and the control action. This

kind of controllers have more complex structures, and the controller design

process in some cases becomes a complicated task, but valuable performance

benefits are obtained in return. Nonlinear model-based controllers like the one

in [7] for the motion control of four-bar mechanisms are proportionally effective20

to the closeness of the model to the real dynamic system.

In recent years, intelligent control has become a recurrent alternative for

handling complex systems because of its proven high performance. Intelligent

control refers to the application of artificial intelligence computational tech-

niques such as fuzzy systems, neural networks, or meta-heuristic optimizers, to25

solve control engineering problems [8].

Some applications of intelligent control to four-bar mechanisms can be found

in the literature. In [9], the gains of a PID controller for the four-bar mechanism

are optimally adjusted with evolutionary algorithms for certain operating con-

ditions. A fuzzy speed controller is successfully applied in [10] for the four-bar30
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mechanism, smoothing the speed response and reducing fluctuations. A Type-2

fuzzy sliding mode controller [11] and a hybrid controller based on fuzzy logic

and a grey system modeling approach [12], are also developed for the speed con-

trol of four-bar mechanisms obtaining superior performances. All the proposals

described have shown potential benefits when controlling four-bar mechanisms,35

these include high accuracy and robustness to well established and bounded un-

certainties and disturbances. Nevertheless, when uncertainties and disturbances

exceed the bounds, it could be more difficult for these controllers to achieve the

desired performance and a more complex method can be necessary.

Although the controller structures theoretically guarantee the stability of40

the closed-loop system under some assumptions such as bounded uncertainties

or exact knowledge of system parameters, among others; a suitable selection of

the control parameter values can directly affect the control performance in a real

application where those assumptions may not be achieved. So, the controller

tuning, referred as the correct adjustment of these parameters to achieve a45

desired performance trade-off, is an important task to meet one or more control

specifications such as the minimization of the energy consumption, accuracy,

settling time, etc. According to the classification in [13, 14], the controller

tuning methods can be analytical [15], heuristic [16], optimization-based [14],

or adaptive [17]. The first three tuning methods studied so far for the four-bar50

mechanism are adopted in the intelligent controllers. These tuning methods are

performed offline, i.e., the parameters are adjusted in a process different from

the real execution of the controller in the final application and once they are

obtained, such parameters remain fixed in the application. Then, the accuracy

and robustness of the offline-tuned controllers are limited by the established55

conditions to perform the adjustment, i.e., they depend on the condition sets in

the offline tuning process which emulates the real environment.

Regarding the adaptive methods, they are used by the class of adaptive

control systems, which adjust the controller parameters online using the closed-

loop feedback to handle uncertainties [18]. Unlike offline methods, online ones60

can effectively handle the uncertainties and disturbances even with unbounded
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ones [17]. In this context, several adaptive control schemes have been also

tested in four-bar mechanisms. The work in [19] describes a model reference

adaptive controller for the speed regulation of the four-bar mechanism. The

reference model is a second order linear system, and several feedback adaptive65

loops are used as adaptation criteria. A model reference adaptive controller that

incorporates fuzzy systems is developed in [20]. The fuzzy system is used to find

a model of the uncertainties. Then, this is included in the reference model of

the system to enhance the behavior of the sliding-mode controller for the speed

tracking task.70

Real-world applications that incorporate four-bar mechanisms become more

demanding over time, and the corresponding controllers must meet not only

one but several conflicting demands (in the sense that one demand cannot be

improved without worsening the rest), such as higher accuracy, lower energy

consumption, and an extended lifetime. The above necessities suggest the use75

of a multi-objective optimization approach to adjust controllers, where a for-

mal multi-objective problem is stated considering the application demands, and

then is commonly solved using multi-objective meta-heuristic optimizers [21] in

the process to obtain the most suitable controller parameters. Despite the fact

that several applications have adopted this approach [22], there is no experi-80

mental evidence of its use in adaptive control due to the high computational

burden required to find suitable trade-offs among performance demands [23].

The above is also related to the lack of meta-heuristic strategies that allow to

find suitable solutions to these optimization problems in real-time. Moreover,

studies that guarantee to find a suitable solution to the online controller tun-85

ing problem based on multi-objective optimization are missed. To the best of

the authors’ knowledge, only studies that consider an online mono-objective

optimization approach to the controller tuning [17], which is much less com-

putationally expensive compared with the multi-objective approach, or studies

focused on online multi-objective optimization of controllers, where the real-90

time constraint is not considered for real-world experimentation [13], can be

found in literature.
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In this work, an indirect adaptive control is proposed and experimentally ap-

plied to the speed regulation of the four-bar mechanism. The proposed control

uses an online meta-heuristic multi-objective optimization process to identify95

the model parameters of the mechanism, i.e., the model identification is per-

formed on every sampling instant. The identified model parameters are used

in a computed-torque controller to compensate the non-linearities of the real

mechanism, while a fixed gain PD control loop is adopted for stabilization. In

this process, a multi-objective optimization problem is stated based on two con-100

flicting application demands: The high-performance speed regulation and the

mechanism wear reduction. The above problem is solved online by the novel

Online Hypervolume-based Differential Evolution (O-HV-MODE) to obtain a

set of candidate model parameter configurations with different trade-off levels

between the performance demands. O-HV-MODE computes a convergent and105

diverse solution set through the incorporation of a selection mechanism based

on the Hypervolume metric. Moreover, O-HV-MODE takes advantage of the

past model identifications to accelerate the searching for the new solutions in

real-time. The most suitable configuration is selected as the one with the best

trade-off between demands according to the application requirements, and is110

further used in the nonlinear compensator. Unlike the state-of-the-art adaptive

controllers, the proposal aims to identify the corresponding nonlinear dynamics

of the mechanism, flexible enough to include the uncertainties behavior, which

can be used to design a controller capable of satisfying all the established re-

quirements. Moreover, the proposal can handle several demands beyond the115

requirement of a high-speed regulation performance and can be extended to

other applications.

The rest of this work is organized as follows. In Section II, the experimental

four-bar mechanism and the proposed controller are fully described. Section

III describes the proposed indirect adaptive control based on multi-objective120

optimization. Performed tests and result discussion are given in Section IV.

Finally, important conclusions are drawn in Section V.
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Figure 1: Experimental four-bar mechanism system with (a) 60V/6A power source, (b)

AB30A100 servo-amplifier, (c) HEDL-5540 rotary incremental encoder, (d) Maxon RE-65

PMDC motor, and (e) LRF60-50 gearmotor.

2. Descriptions of system and controller

Before presenting the indirect adaptive control proposal, the experimental

prototype and the adopted speed controller are described.125

2.1. Four-bar mechanism experimental setup

The experimental prototype is shown in Fig. 1 and consists of a four-bar

mechanism in a crank-rocker configuration and three disks to induce load un-

certainties. This kind of four-bar mechanism has several actual applications in

many industries, such as oil [24], auto-mobile [25], air vehicle [26], rehabilitation130

machines [27, 28, 29] and farming [30], to name but a few.

For the mechanism in Fig. 1, the lengths of the bars are l1 = 0.3810 (m),

l2 = 0.1016 (m), l3 = 0.3048 (m), l4 = 0.2032 (m), and the masses of bars

and disks are m2 = 0.1127 (kg), m3 = 1.8458 (kg), m4 = 0.2191 (kg), and

md1 = 1.6042 (kg), md2 = 0.4230 (kg), md3 = 0.6100 (kg), respectively.135

The 60V/6A power source feeds the AB30A100 servo-amplifier configured in

current (torque) mode, which requires an input voltage command to control the
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output current applied to the Maxon RE-65 Permanent Magnet DC (PMDC)

motor. This motor is coupled to the planetary gearmotor LRF60-50 with a

reduction ratio of 50:1, which is coupled in turn to the four-bar mechanism140

crank.

On the other hand, a Sensoray 626 data acquisition board, attached to a PC

(16GB RAM, CPU Intel i7-4790 3.6 GHz), is used to send voltage commands to

the servo-amplifier and read the angular position of the motor qm2 (t) from the

HEDL-5540 rotary incremental encoder. With respect to the system outputs,145

the angular position of the crank is given by q2(t) = qm2 (t)/50, and its angular

speed and acceleration are estimated by using the symmetric difference quotient

as follows: q̇2(t) = (q2(t+dt)−q2(t−dt))/2dt, q̈2(t) = (q̇2(t+dt)−q̇2(t−dt))/2dt,

where dt = 5 (ms) is the sampling interval. This interval is chosen according

to the computational burden required for the online identification process, i.e.,150

the sampling time must be larger than the required time in the identification

process.

2.2. Controller

The computed-torque control scheme depicted in Fig. 2, is selected for the

speed regulation of the four-bar mechanism. This controller requires an accu-155

rate model of the real plant to guarantee globally asymptotic stability [31]. The

model is used in an inner-loop to compensate the system non-linearities. A

proportional-derivative (PD) outer-loop is also included as a stabilizing action.

Hence, the computed-torque controller is given by (1) [32], in which M̂(p̂∗, q2),

Ĉ(p̂∗, q2, q̇2), Ĝ(p̂∗, q2) are the estimated inertia, centrifugal/Coriolis, and grav-160

ity terms, respectively, and v = KCT
p (r − q̇2) − KCT

d q̈2 with KCT
p and KCT

d ,

the fixed proportional and derivative gains of the outer-loop controller for speed

regulation, r is the speed profile, and p̂∗ is a vector of tunable parameters.

u = M̂(p̂∗, q2)v + Ĉ(p̂∗, q2, q̇2)q̇2 + Ĝ(p̂∗, q2) (1)

In order to find p̂∗, the indirect adaptive control based on a multi-objective
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Figure 2: Computed-torque controller for the speed regulation of the four-bar mechanism.

recursive (online) open-loop model parameter identification approach is pro-165

posed and described in the next section.

3. Proposed Indirect Adaptive Control based on Multi-objective Op-

timization

The proposed Indirect Adaptive Control based on Multi-objective Optimiza-

tion (IAC/MOO) is depicted in Fig. 3 and used for the speed regulation of the170

four-bar mechanism in Fig. 1 subject to different loads. The main idea of

this control is to include an adaptive mechanism to recursively (online) identify

suitable model parameter configurations of a fixed nonlinear model of the plant

(adjustable predictor) in open-loop [18] by using the current and previous input

and output measurements (u(t) and y(t), respectively) from the experimental175

system (plant) assuming that the output y(t) can be measured or estimated

(using observers as long as the outputs of interest are observable, or using other

numerical techniques). The identified model parameters p̂∗, obtained at each

sampling time, are then used in the inner-loop of the computed-torque con-

trol scheme, while the PD outer-loop parameters are set a priori and remain180

fixed. The identified model parameters must fit a couple of demands related to
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Figure 3: Indirect Adaptive Control based on Multi-objective Optimization (IAC/MOO).

the input and output predictions (û(t) and ŷ(t), respectively) to improve the

four-bar mechanism speed regulation and extend the overall system lifetime by

preventing abrupt changes of the control action.

The parameter identification of the open-loop nonlinear model of the four-185

bar mechanism is a key piece of the proposed IAC/MOO. This identification is

performed in three steps [33, 34]:

A. Acquire/measure the input and output signals from the experimental sys-

tem: Involves the selection of signals (which must be maximally infor-

mative) and the methods of data acquisition (computing, estimation, and190

filtering of signals).

B. Select the model structure: Is related to the dynamic modeling of the
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system to establish an adjustable fixed-structure model of the plant. This

step also requires the selection of the model adjustable parameters which

are obtained by optimization.195

C. Use an estimation method: This finds a high-quality model parameter

configuration whose behavior fits the one of the acquired data. Once a

configuration is estimated, it must be validated regarding the fulfillment

of the application necessities.

Figure 4: Model parameter identification methodology adopted by the IAC/MOO.

Fig. 4 shows the recursive model parameter identification methodology200

adopted in the proposed IAC/MOO. It is important to highlight that the model

identification is achieved through a multi-objective meta-heuristic optimization

process. The above implies that the model parameter estimation activity is per-

formed iteratively until a stop criterion is satisfied. Then, the fixed-structure

controller can be suitably tuned.205
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The only way to ensure the reliability of results in the proposed IAC/MOO

and to make generalizations about its convergence characteristic is by using

inferential statistics [35, 36]. This is due to the stochastic behavior of the multi-

objective meta-heuristic search approach. Hence, several independent execu-

tions must be carried out and the Confidence Interval (C. I.) could be used for210

making general conclusions about the IAC/MOO performance.

The elements of this methodology are described in detail in the rest of this

subsection.

A. Measurement of the input and output signals from the four-bar mechanism

system215

The crank angular position, velocity and acceleration, included in the re-

sponse vector y(t) = [q2(t), q̇2(t), q̈2(t)]T , are chosen as the output signals for

identification. The signal u(t), calculated by the computed-torque controller, is

selected as the only input signal.

B. Selection of the four-bar mechanism model structure220

Linear models are often not enough to characterize the dynamics of highly

nonlinear systems such as the four-bar mechanism. Therefore, nonlinear mod-

els are preferred since they can describe the behavior of such systems more

accurately [37].

Because of this, a non-linear model structure (adjustable predictor) is used225

for the parameter identification of the experimental system in Fig. 1. The

chosen non-linear model structure corresponds to the mechanism depicted in

Fig. 5, named generalized four-bar mechanism (G4BM), which can characterize

the behavior of four-bar mechanisms in a crank-rocker configuration with any

possible bar shape by using a specific parameter vector p̂. The i − th bar230

orientation of this mechanism concerning the horizontal is denoted by q̂i and

q̂2 is selected as the generalized coordinate. The adjustable model parameters

are contained in the vector p̂ = [m̂2, m̂3, m̂4, Î2, Î3, Î4, l̂c2 , l̂c3 , l̂c4 , q̂c2 , q̂c3 , q̂c4 ]T

which includes the physical parameters of the generalized mechanism assuming
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Figure 5: Model representation of the generalized four-bar mechanism.

fixed bar lengths. These parameters are the mass m̂i, the inertia moment Îi,235

the length to the mass center l̂ci , and the angle to the mass center q̂ci of the

i− th bar regarding its corresponding reference coordinate system {i} shown in

Fig. 5.

Then, the kinematic model equations of the G4BM are obtained as follows

[38]:240

q̂3 = 2 tan−1

(
−k2 ±

√
k21 + k22 − k23

k3 − k1

)
(2)

q̂4 = tan−1

(
l2 sin(q̂2) + l3 sin(q̂3)

−l1 + l2 cos(q̂2) + l3 cos(q̂3)

)
(3)

where:

k1 = 2l3 (l2 cos(q̂2)− l1)

k2 = 2l2l3 sin(q̂2)

k3 = l21 + l22 + l23 − l24 − 2l1l2 cos(q̂2)
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The angular velocities of the G4BM bars are derived from the above kine-

matic relationships as:

˙̂q3 =
l2
l3

sin (q̂4 − q̂2)

sin (q̂3 − q̂4)
˙̂q2 = S1

˙̂q2 (4)

˙̂q4 =
l2
l4

sin (q̂3 − q̂2)

sin (q̂3 − q̂4)
˙̂q2 = S2

˙̂q2 (5)

Knowing the kinematic behavior of the generalized mechanism, is possible245

to construct the following Lagrangian formulation [39]:

L = J1 ˙̂q22 + J2 ˙̂q23 + J3 ˙̂q24 + P1C1
˙̂q2 ˙̂q3 +G1 (6)

where:

J1 = 1
2

(
m̂2 l̂

2
c2 + Î2 + m̂3l

2
2

)
J2 = 1

2

(
m̂3 l̂

2
c3 + Î3

)
J3 = 1

2

(
m̂4 l̂

2
c4 + Î4

)
P1 = m̂3l2 l̂c3

C1 = cos (q̂2 − q̂3 − q̂c3)

G1 = −m̂2gl̂c2 sin (q̂2 + q̂c2)− m̂3g (l2 sin(q̂2)

+ l̂c3 sin (q̂3 + q̂c3)
)
− m̂4gl̂c4 sin (q̂4 + q̂c4)

The Lagrangian is then used in the Euler-Lagrange equation (7) to derive the

motion equation of the generalized mechanism, where τ̂ = u is the generalized250

torque.

d

dt

(
∂L

∂ ˙̂q2

)
− ∂L

∂q̂2
= τ̂ (7)

Hence, the closed-form dynamic model of the generalized mechanism is rep-

resented by the next expression:

M̂(p̂, q̂2)¨̂q2 + Ĉ(p̂, q̂2, ˙̂q2) ˙̂q2 + Ĝ(p̂, q̂2) = u (8)

where:
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M̂ = 2
(
J1 + J2S

2
1 + J3S

2
2 + P1C1S1

)
Ĉ = (2J2S1DS1 + 2J3S2DS2 + P1S1DC1 + P1C1DS1) ˙̂q2

Ĝ = −DG1

DS1
= ∂S1

∂q̂2
+ ∂S1

∂q̂3
S1 + ∂S1

∂q̂4
S2

DS2
= ∂S2

∂q̂2
+ ∂S2

∂q̂3
S1 + ∂S2

∂q̂4
S2

DC1 = ∂C1

∂q̂2
+ ∂C1

∂q̂3
S1

DG1
= ∂G1

∂q̂2
+ ∂G1

∂q̂3
S1 + ∂G1

∂q̂4
S2

255

with the derivatives:

∂S1

∂q̂2
= − l2

l3

cos(q̂2−q̂4)
sin(q̂3−q̂4)

, ∂S1

∂q̂3
= l2

l3

sin(q̂2−q̂4) cos(q̂3−q̂4)
sin2(q̂3−q̂4)

∂S1

∂q̂4
= − l2

l3

sin(q̂2−q̂3)
sin2(q̂3−q̂4)

, ∂S2

∂q̂2
= − l2

l4

cos(q̂2−q̂3)
sin(q̂3−q̂4)

∂S2

∂q̂3
= l2

l4

sin(q̂2−q̂4)
sin2(q̂3−q̂4)

, ∂S2

∂q̂4
= − l2

l4

sin(q̂2−q̂3) cos(q̂3−q̂4)
sin2(q̂3−q̂4)

∂C1

∂q̂2
= − sin (q̂2 − q̂3 − q̂c3) , ∂C1

∂q̂3
= sin (q̂2 − q̂3 − q̂c3)

∂G1

∂q̂2
= −m̂2gl̂c2 cos (q̂2 + q̂c2)− m̂3gl2 cos q̂2

∂G1

∂q̂3
= −m̂3gl̂c3 cos (q̂3 + q̂c3)

∂G1

∂q̂4
= −m̂4gl̂c4 cos (q̂4 + q̂c4)

Finally, the output vector ŷ = [q̂, ˙̂q, ¨̂q]T is selected as the model output vector

in congruence with the real output vector y. This vector includes the angular

position, velocity, and acceleration of the generalized four-bar mechanism, re-260

spectively. The elements of this vector can be obtained through the numerical

solution of the dynamics in (8).

Remark: The dynamics of the G4BM is used as the model structure for

parameter identification in the IAC/MOO. The adjustable parameters of the

G4BM provide flexibility in the search for suitable model parameter configu-265

rations, i.e., the bars can take different shapes in a given instant so that the

dynamic behavior of the G4BM fits the one of the real mechanism regarding the

measured input/output signals meeting different application demands. Even if

the real mechanism is subject to uncertainties, unmodeled dynamics, or load

disturbances, the bar shapes of the G4BM can be adjusted to describe its be-270

havior.
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C. Iterative model parameter estimation using multi-objective optimization

A multi-objective optimization process is used to find suitable model param-

eter estimates. Then, a multi-objective optimization problem (MOP) is formu-

lated and solved by a multi-objective meta-heuristic optimizer (MOMHO).275

Generally, a model parameter identification MOP includes objective func-

tions which are in conflict with each other and are related to the performance

measurements of the model behavior [40, 41].

It is important to mention that the model parameter estimation and valida-

tion steps are performed iteratively for the IAC/MOO as observed in Fig. 4. In280

this, the model validation is implicitly included in the MOP, and the MOMHO

is responsible for finding suitable model parameter configurations until a stop

criterion is satisfied.

Multi-objective optimization problem. The model parameter identification

MOP for the IAC/MOO is shown in (9) and is to find a vector of model pa-285

rameters p̂ that minimizes the vector F (p̂) = [F1(p̂), F2(p̂)]T of two objective

functions, which involve the performance demands of the application.

min F (p̂) = [F1(p̂), F2(p̂)]T (9)

where:

F1(p̂) =

∫ t

T=t−dw

(y(T )− ŷ(p̂, T ))
2
dt (10)

F2(p̂) = (u(t)− û(p̂, t+ dt))
2

(11)

The first objective function shown in (10) is the integral squared error be-

tween the plant output and the adjustable predictor output in open-loop for the290

past prediction horizon dw = 50 (ms), from now named plant-model error. In

order to obtain the predictor response ŷ, the model dynamics in (8) is forward

solved by the Euler’s method with an integration time of dt, assuming the initial

conditions ŷ(t− dw) = y(t− dw). With this objective function, the adjustable
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predictor configured with p̂ aims to obtain an accurate sequence of outputs ŷ295

regarding a given input-output sequence (the pair of measured signals u and

y). The minimization of this objective is related to a better four-bar mecha-

nism speed regulation since it implies to obtain an identification of the model

parameters that can faithfully predict the plant behavior and compensate the

nonlinear dynamics [42].300

The second objective function in (11) is the squared difference of the control

signal u(t) (acquired and applied in the current instant) and the predicted con-

trol signal û(t+dt) (that could be used for the next sampling instant), from now

named smoothness index. Both control signal calculations are performed using

the same predefined controller structure (the computed-torque controller). The305

minimization of the smoothness index is associated to the abrupt changes in the

applied control signal in the next time interval. Small value of the smoothness

index reduces the wear of actuators and increases the lifetime of the four-bar

mechanism [43].

It must be observed that there is a trade-off between objectives F1 and F2,310

i.e., F1 cannot be improved without worsening F2 and vice-versa [44]. Since

the four-bar mechanism presents highly nonlinear dynamics, an over smoothed

control signal denoted by a low value of F2 (e.g. a constant signal) is not enough

to govern its behavior. In consequence, the speed regulation performance, re-

lated to F1, is reduced, i.e., the value of F1 becomes high. In the opposite case,315

a nonlinear control signal is capable to govern the mechanism dynamics and

enhance the speed regulation performance.

Additionally, the identification MOP can be constrained to exploit desirable

behaviors of model parameter configurations [45]. For the problem in (9), the

search space is limited according to Table 1 to induce the identification of realis-320

tic parameters, reduce the overfitting and accelerate the searching for accurate

configurations [46].

Proposed multi-objective meta-heuristic optimizer. Before introducing

the proposed meta-heuristic optimizer, some definitions from multi-objective
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Table 1: Design variables bounds

k Variable (p̂k) Lower bound (p̂min
k ) Upper bound (p̂max

k )

1− 3 p̂k = m̂k+1 0.0 (kg) d2m3e (kg)

4− 6 p̂k = Îk−2 0.0 (kg ·m2) mk−2l
2
k−2 (kg ·m2)

7− 9 p̂k = l̂ck−5
0.0 (m) lk−5 (m)

10− 12 p̂k = q̂ck−8
0.0 (rad) 2π (rad)

optimization are given:325

Definition 1. (Pareto dominance, [47]).

A vector F (p̂) = [F1(p̂), . . . , Fm(p̂)]T is said to dominate F (q̂) = [F1(q̂), . . . , Fm(q̂)]T

(denoted by F (p̂) � F (q̂)) if and only if F (p̂) is as good as F (q̂) for all the

objectives, i.e., Fi(p̂) ≤ Fi(q̂),∀i ∈ {1, . . . ,m}, and for at least one objective

Fi(p̂) < Fi(q̂).330

Definition 2. (Pareto optimality, [47]).

A decision vector p̂ ∈ Ω is a Pareto optimal if no objective function Fi(p̂) can

be improved without worsening the rest, i.e., @q̂ ∈ Ω such that F (q̂) � F (p̂).

Definition 3. (Pareto optimal set, [47]).

The Pareto optimal set P∗ contains every possible optimal decision vector p̂ ∈ Ω,335

i.e., P∗ = {p̂ ∈ Ω | @q ∈ Ω, q̂ � p}.

Definition 4. (Pareto front, [47]).

The Pareto front also named true Pareto front contains the evaluated objective

vectors of decision vectors in P∗, i.e., PF∗ = {F (p̂) | p̂ ∈ P∗}.

Then, the solution to the model parameter identification MOP in (9) is a340

Pareto optimal set P∗ of model parameter configurations, which provides a

Pareto front PF ∗ with different trade-offs among performance demands when

mapped in the objective function space.

Meta-heuristic optimizers are stochastic computational techniques that can

find good solutions to complex optimization problems (e.g., discontinuous, real-345

world, highly-nonlinear, among others), such as the model parameter identifi-
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cation problem, without requiring additional information of them, which some-

times is inaccessible or hard to obtain [48, 49]. Due to practical reasons, meta-

heuristics cannot find P∗ but must find a suitable Pareto optimal set approx-

imation PA that mapped in the objective function space generates a Pareto350

front approximation PFA with high-quality trade-offs among objectives, mea-

sured regarding desirable features such as capacity, diversity, pertinency and

convergence [50].

Differential Evolution (DE) is a meta-heuristic optimizer bio-inspired in the

process of Darwinian natural evolution [51]. In this, an initial population of355

candidate solutions (set of parameter configurations) can be improved iteratively

through three fundamental evolutionary operations: Selection, crossover, and

mutation. DE has been adopted for the solution of many optimization problems

because of its simplicity and outstanding performance (compared with other

optimizers in a broad diversity of problems) [52].360

In DE, an initial population X with NP individuals (model parameter con-

figurations) is randomly generated in the search space. During Gmax genera-

tions, the same number of mutants vi are generated through weighted differences

of individuals. Then, each original individual xi is recombined with the mutant

vi to generate an offspring ui. Best NP individuals for the next generation365

are selected from the pairwise comparison of the original individuals xi and

their corresponding offsprings ui. When Gmax is reached, the most promising

solutions are found in population X.

Due to the short time available to obtain a new set of suitable model pa-

rameters (< 5 (ms)), a novel DE variant is proposed to perform the parameter370

estimation in real-time and is named Online Hypervolume based Multi-objective

DE (O-HV-MODE). The main idea of O-HV-MODE is to use the model pa-

rameter configurations obtained from previous identifications to accelerate the

search for proper model parameters in the current optimization process. Then,

an exhaustive exploitation around the promising past solutions is performed at375

the same time that other regions of the search space are explored. The following

remarks are taken into account in O-HV-MODE:
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� Since the input/output information of the experimental system for the

past prediction horizon dw is required to compute F in (9), the model

parameter identification process is not performed when t < dw (see line380

1). In this case, a constant open-loop control signal u0 = 10 (Nm) is

selected to reach the desired velocity reference. This is set based on a trial

and error procedure.

� An external archive Xext is used to store all the non-dominated solutions

found so far (see lines 11 and 12). Then, the external archive contains385

an approximation PA, that projected in the objective function space,

generates a front PFA.

� For each generation, solutions in the external archive Xext are ranked

according to their contribution level to the PFA (see line 15). The

contribution Pk of the k − th solution in Xext is measured regarding the390

hypervolume metric [50] using the origin as the reference point (see line

14). Lower values of Pk indicates a greater convergence and diversity

contribution of the k − th solution to the PFA.

� The mutation operation can be performed in two ways (see lines 18 and

20) depending on the expression PC · [Xext] < 1 (see line 17), where PC395

denotes a percentage of the number of solutions in the archive given by

[Xext]: 1) If PC · [Xext] < 1, the mutant individual is generated using

the mutation operator of the ”DE/current-to-rand/1” variant of DE [53]

as in (13), where xr1 , xr2 and xr3 are three randomly selected individuals

from X such that r1 6= r2 6= r3 6= i, and F , K are scaling factors. 2) If400

PC · [Xext] ≥ 1, the mutant individual is obtained as in the ”DE/current-

to-pbest/1” variant of DE [54] using (12), where xextpbest is randomly selected

from the best PC ranked solutions in Xext regarding Pk; xr1 and xr2 are

two randomly selected individuals from X such that r1 6= r2 6= i, and F ,

K are scaling factors.405

� The binomial crossover operator in (14), with CR the recombination prob-
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ability and jrand a random design variable index, is applied for each design

variable j to recombine xi and the mutant vi in order to generate the off-

spring ui (see line 21).

� At the end of each generation, a pairwise comparison between each off-410

spring ui and its original individual xi is performed using the multi-

objective generalization of the tournament selection operator in [55] to

decide which alternative is preserved for the next generation based on

dominance and feasibility.

� The complexity of the adjustable predictor dynamics implies an elevated415

computational cost to evaluate the objective vector F . Then, the number

of F evaluations, mainly given by the population size NP and the maxi-

mum number of generations Gmax, must be kept as small as possible. It is

observable that the shorter the sampling time dt, the smaller the changes

in the acquired signals y within the past prediction horizon dw. Since the420

chosen dt = 5 (ms) is relatively short, it can be considered that for most of

the cases, the changes in the measured output y are also small, which also

implies that the solutions found in previous identification processes could

not be so far away from solutions of the current identification process.

With the above idea in mind, solutions in Xext can be preserved through425

identification processes to support a faster search for solutions (see lines

5 and 6) instead of start the search from scratch.

vi = xi + F · (xextpbest − xi) +K · (xr2 − xr3) (12)

vi = xi + F · (xr1 − xi) +K · (xr2 − xr3) (13)

ui,j =

 vi,j , if rand(0, 1) ≤ CR or j = jrand

xi,j , otherwise
(14)
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As detailed before, the result of the identification process is a set PA that

contains the best model parameter configurations, but only one configuration p̂∗

can be used at a time. For this, the decision maker is responsible for selecting430

the best trade-off solution according to a set of application preferences. For

the IAC/MOO, p̂∗ is the knee solution of PFA [56] which includes a balanced

trade-off between F1 and F2.

The O-HV-MODE parameters are obtained by trial and error procedure and

are established as follows: Gmax = 10, NP = 25, PC = 0.25, F = 0.5, and435

K = 0.5.

4. Results

4.1. Test description

To test the performance of the proposed IAC/MOO, the experimental four-

bar mechanism speed is regulated to r = 5 (rad/s) during 30 (s) considering440

the following two cases:

(A) The experimental system does not include load disks.

(B) The experimental system includes load disks.

Additionally, state-of-the-art linear and nonlinear controllers for speed reg-

ulation are implemented to perform comparisons: A Proportional-Integral con-445

troller (PI controller) [57], a Model Reference Adaptive Controller (MRAC)

based on the MIT rule [58, 59] with Proportional-Integral action, and a Ro-

bust Controller based on Generalized Proportional Integral Observers (GPIRC)

[60]. The fixed parameters of all the above controllers, including those of the

IAC/MOO, are tuned through several trial and error tests considering the ex-450

perimental test case (A) and are the following:

� IAC/MOO: the outer-loop PD compensator gains KCT
p = 80 and KCT

d =

0.1.

� PI controller: the proportional and derivative gains KPI
p = 20 and KPI

i =

15, respectively.455
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� MRAC: the proportional and integral gains KMRAC
p = 1 and KMRAC

i =

10, respectively; the adaptation gain γ = 0.75; the transfer function of the

reference model G(s) = 25
s2+10s+25 .

� GPIRC: the characteristic polynomial p(c) = (s2 +2ζoωno +ω2
no)4(s+po),

where ζo = 2, ωno = 10 and po = 10.460

4.2. Discussion

Tables 2 and 3 show the performance of all controller alternatives according

to several indexes for the test cases (A) and (B), respectively. The indexes IAE,

ITAE, ISE, and ITSE [61], represent the regulation performance regarding the

speed error, while the IADU [62] is related to the smoothness of the control465

signal. All of these indexes are computed from a general calculation window

of 500 (ms) to perform fair comparisons. Results in boldface denote the best

behaviors. In the case of the IAC/MOO, thirty independent executions are

performed [63] for each study case, and the 99% Confidence Interval (C. I.) is

used for each control performance index to make general conclusions about the470

IAC/MOO performance. In the same tables, the average values of the aforemen-

tioned indexes and the C. I. are presented. Results achieved for each execution

in both (A) and (B) test cases are shown in Tables 4 and 5, respectively. It

is observed that with the proposed IAC/MOO, there is a 99% probability that

the C. I., from some future experiments, includes the mean value of the sample.475

So, this confirms the reliability of the proposed IAC/MOO.

On the other hand, Fig. 6 shows the speed response and the control signal

behavior of all controllers. Particularly for the IAC/MOO, the best run is

selected and displayed in this figure for both tests cases. All the plots in this

figure include a inner subplot that shows the error, in the case of the speed480

response, and the variation of the control action, in the case of the control

signal behavior.

Regarding the speed regulation when loads are not included in the four-bar

mechanism (case (A)), Fig. 6 reveals that the IAC/MOO and PI alternatives

have a similar error level, which is notably smaller than that of the MRAC and485
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the GPIRC. This observation is confirmed with the performance indexes related

to the speed error in Table 2, which show that the proposed IAC/MOO is the

best alternative. The above means that the IAC/MOO alternative produces a

response closer to the speed profile according to IAE, with smaller deviations

regarding ITAE, when compared with the responses of the other alternatives.490

The ISE and ITSE indexes also show that the magnitude of the speed regulation

errors over time is lower than magnitudes of the rest of the controllers.

When disks are included in the four-bar mechanism (case (B)), Fig. 6 shows

that the error levels of the proposed IAC/MOO and the GPIRC barely move

away from the levels achieved in the case (A), which denotes robustness. It is also495

observed in this figure, that the error levels of the PI and MRAC alternatives

increased considerably concerning their responses in the case (A). The speed

error indexes in Table 3 show that there is a real increase regarding the results

in Table 2. Contrasting the results, the speed error indexes in case (B) are

more than twice those obtained in case (A) for the PI and MRAC alternatives.500

For the PI controller, this is due to its linear behavior which cannot suitably

compensate the uncertainties induced by the disks, and in the case of the MRAC,

the reference model does not fully compensate the nonlinearities of the real

plant. On the other hand, the error obtained with the IAC/MOO and the

GPIRC in case (A) is slightly increased for case (B), being the IAC/MOO the505

one with the best adaptive behavior in the presence of disk loads.

Regarding the smoothness of the control signal, it is easy to observe from

Fig. 6 that the MRAC has an outstanding performance and is closely followed

by the PI controller for the test cases (A) and (B). Unlike these alternatives, the

IAC/MOO and the GPIRC require a less smooth control signal to compensate510

the system nonlinearities. According to the IADU measurement in Tables 2 and

3, the MRAC and PI alternatives have less abrupt changes of the control signal

from an instant to another, and then the plant wear is decreased. Nevertheless,

the above is contrasted with the low performance in the speed regulation with

the MRAC in both test cases, and the poor adaptive behavior of the PI controller515

in the case (B). The control alternatives are ranked from best to worst according
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to the smoothness of their computed control signals as MRAC, PI controller,

IAC/MOO, and GPIRC.

It is important to highlight that the decision maker plays a crucial role in

the performance of the proposed IAC/MOO. For this work, the decision maker520

always choose the knee solution of each obtained Pareto front approximation

as observed in Fig. 7. Using this decision maker, the proposed IAC/MOO

achieves the best speed regulation performance and ranks third regarding the

control signal smoothness when compared with the MRAC, PI, and GPIRC

alternatives, for the two established test cases. Nevertheless, if the application525

requires it, it is possible to dynamically select more suitable trade-offs, but

handling preferences is beyond the scope of the paper.

Finally, in terms of computational burden, the novel O-HV-MODE requires

a mean time of t̄exec = 3.5 (ms) to find a new set of model parameter config-

urations given the aforementioned values of Gmax and NP . These two values530

determine the computational cost regarding the number of the function F eval-

uations during a single optimization process.

5. Conclusions and future work

An indirect adaptive control based on online multi-objective optimization

for the speed regulation of the four-bar mechanism is proposed. An extension535

of the proposal for tracking tasks is possible without significant changes in the

approach. The proposed control is validated through a real-time implementation

in an experimental platform and the reliability of the results with the 99%

Confidence Interval test. Moreover, it is compared with several state-of-art

linear and nonlinear controller alternatives such as the PI controller, the MRAC,540

and the GPIRC, showing an outstanding speed regulation performance when

loads are included in the mechanism.

The highly-nonlinear model structure (that corresponds to the generalized

four-bar mechanism) adopted for identification in the proposed controller allows

a faithful open-loop description of the experimental system behavior within a545
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short prediction horizon.

The model parameter identification is treated as a multi-objective optimiza-

tion problem, in which several conflicting performance demands can be incorpo-

rated as objective functions to find the most suitable model parameter configu-

rations that fulfill the application necessities. Particularly, the accuracy in the550

speed regulation task and the plant wear reduction demands were successfully

included in the identification problem. Furthermore, the imposed parameter

constraints induce the searching for useful and realistic model parameter con-

figurations avoiding overfitting.

The novel O-HV-MODE showed the capability to efficiently find suitable555

model parameter configurations by taking advantage of the knowledge obtained

from previous identification processes. The above allows the exhaustive ex-

ploitation of past solutions while other regions of the search space are explored.

This feature significantly decreases the computational cost required to evaluate

the objective functions of the multi-objective optimization problem, allowing at560

the same time the practical real-time implementation in a conventional PC.

An important feature of the proposal falls on the computed-torque controller

tuning, in which several model parameter configuration alternatives are iden-

tified, and one of this is selected based on a set of preferences. In this work,

the knee trade-off alternative is always selected, but depending on the applica-565

tion context different trade-offs may be required at different times during the

online identification. As future work, the preferences can be adapted tilting the

trend to one of the objectives on demand and hence a better trade-off could be

obtained.

Future work consists on the study of the effects of incorporating observer570

capabilities into the optimization process in order to promote even more the

accuracy in the desired trade-off among the performance demands.
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support of the Secretaŕıa de Investigación y Posgrado (SIP) through the projects

No. SIP-20180196 and No. SIP-20180637, respectively.

References

[1] J.-W. Kim, S. Lee, T. Seo, J. Kim, A new non-servo motor type au-

tomatic tool changing mechanism based on rotational transmission with590

dual four-bar linkages, Meccanica 53 (9) (2018) 2447–2459. doi:10.1007/

s11012-017-0813-z.

URL https://doi.org/10.1007/s11012-017-0813-z

[2] D. Yoon, Y. Choi, Underactuated finger mechanism using contractible

slider-cranks and stackable four-bar linkages, IEEE/ASME Transactions595

on Mechatronics 22 (5) (2017) 2046–2057. doi:10.1109/TMECH.2017.

2723718.
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cuela Superior de Cómputo (ESCOM) of the Insti-
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IPN in 2019. He is currently a full-time professor at the research and post-

graduate division in the Instituto Tecnológico de Tlalnepantla (ITTLA) of the
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Algorithm 1: Online Hypervolume based Multi-objective Differential Evo-

lution (O-HV-MODE)

Input: Current time instant (t), external archive (Xext).

Output: External archive (Xext).

1 if t ≥ dw then

2 if t = dw then

3 Xext ← ∅

4 else

5 Re-evaluate F for solutions in Xext.

6 Remove dominated solutions from Xext.

7 Generate new population X randomly in the search space.

8 Evaluate F for individuals in X.

9 G← 0

10 while G < Gmax do

11 Xext ← Xext⋃X

12 Remove dominated solutions from Xext.

13 foreach xext
k ∈ Xext do

14 Pk ← HV
(
Xext, 0

)
−HV

(
Xext −

{
xext
k

}
, 0
)

15 Sort individuals in Xext using Pk in ascending order.

16 foreach xi ∈ X do

17 if PC · [Xext] < 1 then

18 Generate a mutant individual vi using (13).

19 else

20 Generate a mutant individual vi using (12).

21 Generate an offspring individual ui using (14).

22 Evaluate F for ui.

23 Select individuals for G + 1.

24 G← G + 1

39



0 5 10 15 20 25 30
0

1

2

3

4

5

6 IAC/MOO (A) IAC/MOO (B)

0 5 10 15 20 25 30

-0.5

0

0.5

0 5 10 15 20 25 30
-50

-40

-30

-20

-10

0

10

20 IAC/MOO (A) IAC/MOO (B)

0 5 10 15 20 25 30
-5

0

5

0 5 10 15 20 25 30
0

1

2

3

4

5

6 PI controller (A)  PI controller (B)

0 5 10 15 20 25 30

-0.5

0

0.5

0 5 10 15 20 25 30
-50

-40

-30

-20

-10

0

10

20 PI controller (A) PI controller (B)

0 5 10 15 20 25 30
-5

0

5

0 5 10 15 20 25 30
0

1

2

3

4

5

6 MRAC (A) MRAC (B)

0 5 10 15 20 25 30

-0.5

0

0.5

0 5 10 15 20 25 30
-50

-40

-30

-20

-10

0

10

20 MRAC (A) MRAC (B)

0 5 10 15 20 25 30
-5

0

5

0 5 10 15 20 25 30
0

1

2

3

4

5

6 GPIRC (A) GPIRC (B)

0 5 10 15 20 25 30

-0.5

0

0.5

0 5 10 15 20 25 30
-50

-40

-30

-20

-10

0

10

20 GPIRC (A) GPIRC (B)

0 5 10 15 20 25 30
-5

0

5

Figure 6: Behavior of controllers IAC/MOO, PI, MRAC and GPIRC under the test cases (A)

and (B). Dashed line denotes the reference signal.
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Figure 7: Pareto front obtained from Run 5 at time 0.675 (ms). Star denotes the selected

knee solution.

Table 2: Performance indexes of all controllers for test case (A).

Controller IAE ITAE ISE ITSE IADU

99% C. I. 99% C. I. 99% C. I. 99% C. I. 99% C. I.

IAC/MOO 1.01 [0.99 1.02] 15.25 [15.05 15.46] 0.05 [0.05 0.05] 0.77 [0.75 0.80] 3658.69 [3618.09, 3699.28]

GPIRC 3.59 54.04 0.48 7.19 6364.83

MRAC 4.81 70.36 1.08 12.90 228.38

PI 1.12 16.66 0.06 0.86 1796.60

Table 3: Performance indexes of all controllers for test case (B).

Controller IAE ITAE ISE ITSE IADU

99% C. I. 99% C. I. 99% C. I. 99% C. I. 99% C. I.

IAC/MOO 1.22 [1.15, 1.29] 18.33 [17.37, 19.28] 0.08 [0.06, 0.09] 1.18 [1.01, 1.35] 3949.65 [3861.25, 4038.06]

GPIRC 3.74 56.32 0.59 8.9203 6447.00

MRAC 11.27 164.74 5.27 73.82 413.45

PI 2.83 43.38 0.35 5.53 1762.73

41



Table 4: Performance indexes of thirty independent executions of IAC/MOO for test case

(A).

Execution IAE ITAE ISE ITSE IADU

1 1.1297 16.7366 0.0648 0.9369 3603.2663

2 1.0820 16.1910 0.0600 0.8826 3717.4785

3 1.0395 15.4205 0.0554 0.7915 3674.1740

4 1.0112 15.0462 0.0531 0.7655 3619.8519

5 1.0141 15.3233 0.0520 0.7805 3713.2708

6 1.0237 15.3601 0.0545 0.8061 3775.0586

7 1.0034 15.0573 0.0506 0.7435 3558.6175

8 1.0026 14.7674 0.0516 0.7251 3625.1663

9 1.0020 15.2922 0.0514 0.7849 3726.0253

10 1.0015 14.9106 0.0522 0.7584 3756.6701

11 1.0023 15.4800 0.0516 0.8069 3691.7114

12 1.0000 15.2203 0.0512 0.7856 3696.2843

13 1.0352 15.5127 0.0552 0.7996 3788.4887

14 1.0210 15.2652 0.0528 0.7649 3637.8801

15 0.9929 15.0093 0.0500 0.7475 3679.7007

16 1.0143 15.4908 0.0533 0.8128 3492.3456

17 0.9806 15.0304 0.0483 0.7469 3681.0491

18 1.0073 15.4948 0.0513 0.7925 3662.0830

19 0.9978 15.1742 0.0500 0.7586 3614.9049

20 1.0017 15.2115 0.0494 0.7474 3785.8452

21 0.9659 14.7356 0.0471 0.7116 3696.3826

22 0.9733 15.0455 0.0485 0.7644 3682.8531

23 0.9984 15.0212 0.0504 0.7419 3574.2382

24 0.9854 14.6916 0.0494 0.7169 3618.2750

25 0.9809 14.7462 0.0482 0.7129 3688.9214

26 0.9886 15.1205 0.0496 0.7551 3500.0352

27 1.0143 15.3524 0.0536 0.8074 3561.1791

28 1.0112 15.2051 0.0521 0.7592 3549.7467

29 1.0187 15.3190 0.0545 0.8082 3619.3762

30 1.0226 15.5101 0.0533 0.8094 3769.9115

AVG 1.0107 15.2580 0.0521 0.7774 3658.6930

MIN 0.9659 14.6916 0.0471 0.7116 3492.3456

MAX 1.1297 16.7366 0.0648 0.9369 3788.4887
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Table 5: Performance indexes of thirty independent executions of IAC/MOO for test case (B).

Execution IAE ITAE ISE ITSE IADU

1 1.8989 27.2483 0.2139 2.8310 4580.9753

2 1.3165 19.6959 0.0961 1.3926 3739.0710

3 1.2729 19.4417 0.0880 1.3618 3807.9384

4 1.2650 18.4507 0.0901 1.2088 4004.8683

5 1.2185 18.2031 0.0788 1.1341 3792.3109

6 1.2693 18.6419 0.0863 1.1908 4089.4409

7 1.2042 17.9233 0.0772 1.1054 3780.7884

8 1.2429 18.6383 0.0834 1.2305 3895.9806

9 1.1874 17.9004 0.0737 1.0934 3861.2349

10 1.1661 17.2479 0.0731 1.0229 3844.7979

11 1.2021 17.8619 0.0765 1.0764 3986.9455

12 1.2050 18.2828 0.0777 1.1667 3858.6021

13 1.1238 16.9642 0.0664 1.0050 3796.1055

14 1.1842 17.9103 0.0762 1.1293 3926.4390

15 1.1869 18.1114 0.0753 1.1547 4024.4576

16 1.1874 18.2029 0.0754 1.1424 4095.3318

17 1.1601 17.5886 0.0718 1.0814 3804.0180

18 1.1768 17.5176 0.0716 1.0411 3756.0405

19 1.1745 17.7714 0.0730 1.0820 4108.0331

20 1.1797 17.9748 0.0722 1.0938 4054.1142

21 1.1829 17.4169 0.0716 1.0095 4161.0982

22 1.1707 17.8635 0.0720 1.0972 3967.4750

23 1.1829 17.8729 0.0728 1.0883 3943.0140

24 1.0610 16.4337 0.0568 0.8940 3710.7450

25 1.1333 17.2526 0.0655 0.9989 4044.4244

26 1.1236 16.8462 0.0655 0.9532 3836.2701

27 1.1424 17.3618 0.0666 1.0182 4125.0538

28 1.1558 17.3812 0.0710 1.0398 4075.7817

29 1.2857 19.0126 0.0884 1.2430 3858.6152

30 1.4933 20.8841 0.1264 1.5894 3959.7738

AVG 1.2251 18.3300 0.0817 1.1825 3949.65817

MIN 1.0610 16.4337 0.0568 0.8940 3710.745

MAX 1.8989 27.2483 0.2139 2.8310 4580.9753
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