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Abstract

Adaptive control of systems consists of the online adjustment of their control

parameters to deal with parametric uncertainties and disturbances. Indirect

Adaptive Control (IAC) of electromechanical systems and robotic manipula-

tors based on metaheuristic optimization has been shown to be competitive

compared to other classical and advanced control schemes. In this approach,

the identi�cation of system model parameters is stated as an optimization

problem and then solved online by metaheuristics. Subsequently, the iden-

ti�ed model is used in a second stage of online metaheuristic optimization

to predict the system behavior and tune its control parameters. Therefore,

this approach can be computationally expensive and una�ordable for systems

with more complex dynamics whose models are just as complex. Due to the

above, this work proposes an indirect adaptive control method for robotic
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manipulators based on di�erential evolution (DE) optimization, which aims

to reduce the computational cost of the online identi�cation stage by using

Polynomial Regressors (PR) whose adjustment can be performed through a

closed-form solution. The proposed method is tested in simulation for a 2

d.o.f. robotic manipulator and the results are compared against the original

indirect adaptive control approach based on metaheuristic optimization and

also a controller optimized o�ine. The post-hoc pair-wise Friedman tests

con�rm that the proposed approach provides competitive results compared

to the original approach, with signi�cant savings in computational resources.

Keywords: Robotics, adaptive control, polynomial regression, di�erential

evolution, online identi�cation and controller tuning.
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Acronyms and Nomenclature1

CTC: Computed-Torque Controller

PID: Proportional Integral Derivative

DE: Di�erential Evolution

ODE: Online Di�erential Evolution

PR: Polynomial Regressor

SLR: Simple Linear Regressor

AC: Adaptive Controller

MH: Metaheuristic

ISE: Integral Squared Error

MSE: Mean Squared Error

p-value: Probability of accepting the null hypothesis in the Friedman test

q, q̇, q̈: Robot articular positions, speeds, and accelerations

qd, q̇d, q̈d: Desired robot articular positions, speeds, and accelerations

x̄d, ȳd: Desired Euclidean pro�le for position tracking

˙̄xd, ˙̄yd: Desired Euclidean pro�le for speed tracking

e, ė: Articular tracking error for position and speed

u: Control input vector.

X,Y : Actual feature and target matrices

x,y: Actual feature and target vectors

ŷ: Predicted target vector

sb, sf : Backward identi�cation steps and forward controller tuning steps

t, t̄,∆t: Time, virtual time, and sampling interval

kp, ki, kd: Proportional, integral, and derivative gains

k∗p, k
∗
i , k

∗
d: Optimized proportional, integral, and derivative gains

θ,θ∗: CTC gain vector and optimized CTC gain vector

θl,θu: Lower and upper bounds for the CTC gains

ΘG: Population with candidate CTC gain vectors for G-th generation of DE

J: Objective function for the CTC tuning

Gmax, NP, F,CR: Maximum generation, population size, scaling factor, and crossover rate as the hyperparameters of DE

ωj : Regressor parameters for one target

Ω: Multi-target regressor parameters

T : Execution time of a controller

2
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1. Introduction4

Robotic systems are found in many productive sectors across society,5

including the manufacturing industry [1], hospitals [2], rehabilitation clinics6

[3], construction [4], among others.7

In particular, robotic manipulators are known to be complex and hard to8

govern [5]. Thus, controlling these useful dynamic systems is a challenging9

task [6].10

Because of its highly nonlinear behavior, manipulators cannot be e�ec-11

tively governed by linear control strategies, such as the widely used Propor-12

tional Integral Derivative (PID) controller [7, 8]. However, many other al-13

ternatives like the computed-torque-controller (CTC) have successfully been14

developed over time [9].15

For these controllers to govern a dynamic or robotic system in a suit-16

able way, their parameters must be properly adjusted through the tuning17

task. For this purpose, there are empirical, analytical, and optimization18

approaches [10]. Recent tuning proposals under the above approaches use19

o�-line regression models or regressors (mathematical models that use in-20

put variables to forecast or estimate continuous output variables) to predict21

the behavior of the controlled system under di�erent control parameters and22

then optimize them or to generate rules that compute the best parameters23

directly [11, 12, 13].24

Despite the proven e�ectiveness of nonlinear controllers to govern robotic25

manipulators and other kinds of complex dynamic systems, their perfor-26

mance can be compromised by factors such as the operating conditions (e.g.,27

viscosity and load), the environmental features (e.g., temperature and pres-28
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sure), and the lack of absolute knowledge of the full system (e.g., deviations29

from the nominal parameters). These factors are frequently uncertain, un-30

bounded, and unpredictable. They are commonly referred to as parametric31

uncertainties and are responsible for the decreased performance in control32

[14].33

Within this context, there are several approaches to dealing with uncer-34

tainties. Among them, the control engineering sub-�eld known as adaptive35

control is focused on the online automatic tuning of the controller param-36

eters [15], i.e., the controller is tuned at every sampling instant. So, the37

updated controller can deal with uncertain factors and maintain the desired38

performance.39

Within the adaptive control sub-�eld, there are two well-de�ned branches40

[16]: (i) the direct adaptive control and (ii) the indirect adaptive control.41

The branch (i) is a control system that establishes proper laws to adapt42

the controller parameters directly without requiring derivation of a model or43

regressor during the task execution. These control systems have governed44

many dynamic systems, including robotic manipulators. In [17], the gains45

and the output of a PID controller for a two-link robotic manipulator are ad-46

justed online with a mix locally recurrent neural network. Using the above47

strategy, the manipulator can handle uncertainties and variable payloads. J.48

L. Meza, et. al [18] established fuzzy rules to automatically tune the PID49

controller for a robotic manipulator subjected to uncertainties. The work50

in [19] uses a regressor to automatically adjust the gains of a PID MIMO51

controller directly without using the model of the controlled dynamic sys-52

tem. On the other hand, Y. Choi, et. al [20] used auto-tuning rules based53
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on Lyapunov stability analysis to adjust the PID parameters for robotic ma-54

nipulators. The Lyapunov direct method is also adopted in [21] to derive55

control adaptive laws for dynamic systems, approximating uncertainties and56

disturbances with the Szász�Mirakyan operator. The approximation of un-57

certainties has also been achieved through Fourier series expansions in [22]58

to derive adaptive laws that guarantee stability in robotic manipulators of59

various degrees of freedom. For manipulators with di�erent degrees of free-60

dom, using adaptive controls under the direct approach provides signi�cant61

computational savings and does not require the ful�llment of speci�c condi-62

tions on the inputs and outputs of the systems for the derivation of models63

or regressors during a task execution [23].64

Although the previous direct methods have shown e�ectiveness, a signi�-65

cant drawback of direct adaptive systems is the need for a priori information66

of the dynamic system, including their uncertainties and disturbances. When67

this information is unavailable, it must be estimated in some way, which im-68

plies a certain degree of inaccuracy with respect to reality. That information69

is required to derive, train, adjust, design, or optimize the involved laws,70

techniques, or mathematical structures o�ine. Unfortunately, this informa-71

tion is not always available or is di�cult to obtain for real applications. The72

above, considering the uncertain, unbounded, and unpredictable nature of73

many uncertainties and disturbances.74

The branch (ii), also includes adaptive strategies that �rst perform an75

identi�cation of the dynamic system to build a model. The resultant sys-76

tem model is then used as a predictor to adjust the controller parameters77

online. Here are di�erent approaches to perform system identi�cation, which78
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is crucial in this branch.79

The most e�ective approaches to branch (ii) take advantage of recent80

computer technology to build models from the online adjustment of neural81

networks [24], rule-based systems [25], support vector machines [26], and82

other alternatives [27] based on the acquired system states. The above on-83

line identi�cation approaches have the disadvantage of being, in many cases,84

computationally expensive and may be limited to the use of sophisticated85

high-performance computing equipment. This is either because of the num-86

ber of parameters or rules to be adjusted (e.g., the weights of a neural net-87

work with a few hundred neurons) or the resources needed to perform this88

adjustment (e.g., through algorithms that require a considerable budget of89

iterations).90

An alternative and highly e�ective approach in branch (ii) uses dynamic91

models derived analytically from well-de�ned methodologies on electrical and92

mechanical systems, and the setting of their dynamic parameters is set as a93

formal optimization problem. Due to the complexity of the above problem,94

classical optimizers may have limitations in �nding appropriate solutions, so95

the use of sophisticated optimization techniques such as metaheuristics has96

been successful [28]. Although the dynamical model in this approach can97

be considered much simpler than other advanced computational models, the98

calculation resources are taken to the limit due to the use of population-based99

metaheuristics and the inherent complexity of multi-objective optimization.100

An example of this approach is found in [29], where the dynamic model of the101

four-bar manipulator is identi�ed online through multi-objective optimiza-102

tion. The model is then used in a CTC to reduce the e�ect of uncertainties103
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while increasing the accuracy and improving the lifetime of the robot.104

A relevant aspect of the indirect adaptive approaches discussed so far105

is that, due to limitations related to computational cost, only a few works106

can be put into practice. Among these works are [30, 31, 32], which have107

been able to perform laboratory experimentation for single-degree-of-freedom108

systems. The identi�cation process in these works uses regressors involving109

single-layer neural networks [32] and the use of dynamical system models110

(linear and highly nonlinear) [30, 31] to emulate in the dynamic environment111

the �tness function and the behavior of the plant, respectively. The practical112

setup of these proposals is attributed to the small number of input and113

output variables, which translates into fewer nonlinear relationships between114

them and less information needed to describe their operation. However, in115

all these works, the computational time required to implement the adaptive116

mechanism of the controllers (this includes identi�cation and tuning stages) is117

very close to the time limit of 5 (ms), so that, with the current computational118

technology, it would not be possible to carry them out experimentally in more119

complex systems and with a greater number of degrees of freedom.120

Other indirect approaches for robotic manipulators [33, 34] design par-121

ticular estimation methods based on the stabilization of the prediction error.122

Nevertheless, the e�ectiveness of these methods can be restricted to slow123

enough system dynamics that allow for suitable parameter convergence [35].124

Based on the above, the e�ectiveness of indirect adaptive control has dif-125

ferent limitations depending on the adopted strategy. In most of the works,126

the proposed approaches are unable to tune controllers for more complex127

systems beyond those considered without a full redesign [15]. Other works128
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cannot be extended due to technical limitations regarding the available com-129

putational burden (this depends on the algorithmic features and the hardware130

platform) [30]. Finally, few proposals have limitations such as slow dynamics,131

restricted uncertainty behaviors, or system linearity [15, 35].132

Therefore, this approach can be computationally expensive and unaf-133

fordable for systems with more complex dynamics whose models are just as134

complex. Due to the above, this work proposes an indirect adaptive control135

method for robotic manipulators based on metaheuristic optimization, which136

aims to reduce the computational cost of the online identi�cation stage by137

using regressors. For this, two online optimization processes are developed.138

The �rst one is related to the online identi�cation of the system behavior139

based on the information about the acquired robot inputs and outputs in a140

backward time window. The solution to this problem is obtained analyti-141

cally, and a regression model is adjusted online. This model predicts future142

robot states in a small neighborhood around an operating point. Then, the143

above predictions help to test di�erent controller con�gurations in search-144

ing for the most suitable parameter tuning. The above is established in the145

second optimization problem, which is solved online through the Di�erential146

Evolution (DE) metaheuristic optimizer. The calculated gains are then im-147

planted in the controller for a desired task with a robotic manipulator subject148

to uncertainties. The proposed method is tested in simulation for a 2 d.o.f.149

robotic manipulator and the results are compared against the original indi-150

rect adaptive control approach based on metaheuristic optimization [30] and151

a controller optimized o�ine [36]. The proposed approach is shown to obtain152

competitive results when compared to the original approach, with signi�cant153
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savings in computational resources.154

The rest of this work is organized as follows. Section II describes the155

manipulator robot used as the object of study for this proposal and intro-156

duces the CTC scheme used to control it. The proposed optimized adaptive157

controller based on regression and metaheuristic optimization is detailed in158

Section III. An experiment is designed to test and compare the proposal159

with other control alternatives, and the results are discussed in Section IV.160

Finally, the conclusions and future work are established in Section V.161

2. System description162

2.1. The robotic manipulator163

The selected 2 d.o.f. robotic manipulator is depicted in Fig. 1. This164

system is adopted to test the proposed optimized adaptive controller based165

on regression. This kind of robotic system is frequently used in manufacturing166

[37], rehabilitation [38], and teleoperation [39].167

The schematic diagram of the robot in Fig. 1 is used to aid the modeling168

of its behavior. In this �gure, m1 and m2 are the masses, l1 and l2 are the169

lengths, lc1 and lc1 are the lengths to the mass centers, and I1 and I2 are170

the inertia moments around the rotation axis, respectively for the two robot171

links, while g is the gravity acceleration.172

The nominal values of the above parameters are displayed in Table 1,173

and those are related to the model parameter vector p̂. The length, mass,174

and inertia values are related to the anthropometric measures of the hu-175

man arm. So, the parameters in this table can be estimated for proto-176

typing purposes using the total height Ls, and total weight Ms measure-177
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Figure 1: Schematic diagram of the 2 d.o.f. robotic manipulator.

ments of a test subject according to [40]. For the present work, the above178

values are set as Ls = 1.72 (m) and Ms = 72 (kg). These correspond179

to the height and weight of a healthy (concerning the Body Mass Index180

(BMI)) Mexican adult male, whose measurements are close to the aver-181

age reported in the National Health and Nutrition Survey (ENSANUT)182

(https://www.inegi.org.mx/programas/ensanut/2018 (accessed on 10 July183

2023)) conducted in Mexico in 2018. Additional non-conservative forces,184

due to the Coulomb and viscous frictions, are considered in robot modeling.185

Therefore, Table 1 also includes the proposed nominal values of the viscous186

friction coe�cients b1 and b2, and the Coulomb friction coe�cients fc1 and187

fc2, respectively for the two robot links.188

The following analysis allows for modeling the robot to simulate its be-189

havior and develop the proposed controller.190

11



Table 1: Dynamic parameters of the 2 d.o.f. robotic manipulator grouped in the model

parameter vector p̂.

Parameter Nominal value

m1 0.028Ms (kg)

m1 0.022Ms (kg)

l1 0.186Ls (m)

l2 0.254Ls (m)

lc1 0.436l1 (m)

lc2 0.682l2 (m)

I1 m1(0.322l1)
2 (kgm2)

I2 m2(0.468l2)
2 (kgm2)

g 9.81 (m/s2)

b1 0.28 (Nm s)

b2 0.37 (Nm s)

fc1 0.12 (Nm s)

fc2 0.23 (Nm s)
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Robot direct kinematics191

Regarding the articular con�guration q = [q1, q2]
T of the robot in Fig. 1,192

the Cartesian position of each link mass center is described by ξ1 = [x1, y1]
T

193

and ξ2 = [x2, y2]
T in (1) and (2).194

ξ1 =

 lc1 sin (q1)

−lc1 cos (q1)

 (1)

195

ξ2 =

 l1 sin (q1) + lc2 sin (q1 + q2)

−l1 cos (q1)− lc2 cos (q1 + q2)

 (2)

Robot dynamics196

The overall kinetic and potential energies of the robot are expressed in197

terms of the kinematic equations in (1) and (2). These two energies are198

respectively developed in (3) and (4).199

K =
1

2
m1ξ̇

T
1 ξ̇1 +

1

2
I1q̇

2
1 +

1

2
m2ξ̇

T
2 ξ̇2 +

1

2
I2(q̇1 + q̇2)

2 (3)

200

U = m1gy1 +m2gy2 (4)

Using these energies, the Lagrangian of the system can be expressed as201

shown in (5).202

L = K − U (5)

On the other hand, the Rayleigh dissipation function in (6) considers the203

non-conservative forces induced by the viscous and Coulomb frictions in the204

robot.205

D =
1

2
b1q̇1

2 +
1

2
b2q̇2

2 + µ1|q̇1|+ µ2|q̇2| (6)
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Therefore, the non-conservative motion equation of the robot is given by206

(7), where τ = [τ1, τ2]
T is the vector of generalized torques [41].207

∂L
∂q
− d

dt

∂L
∂q̇

+
∂D
∂q̇

= τ (7)

The closed-form of the above motion equation is expressed in (8), where208

M(q) ∈ R2×2 is the inertia matrix, C(q, q̇) ∈ R2×2 is the Coriolis and cen-209

tripetal matrix, g ∈ R2×1 is the gravity vector, ff (q̇) ∈ R2×1 is the non-210

conservative force vector, and q, q̇, q̈ ∈ R2×1 are the generalized articular211

positions, velocities, and accelerations, respectively.212

τ = M(q)q̈ + C(q, q̇)q̇ + g(q) + ff (q̇) (8)

The closed-form motion equation in (8) allows the simulation of the 2213

d.o.f. robotic manipulator behavior.214

2.2. The computed-torque controller215

In an arbitrary application, the robot described in the previous section216

must track a desired trajectory yd = [qd, q̇d, q̈d]
T , where qd, q̇d, q̈d ∈ R2 are217

the desired articular positions, velocities, and accelerations, respectively. For218

this, a closed-loop control strategy u = τ is required.219

Among the control alternatives proposed to govern robotic systems to-220

wards desired behaviors, the computed-torque controller (CTC) is one of the221

most e�ective and robust [42]. The CTC is designed to ensure global asymp-222

totic stability, and its structure is observed in (9) and (10), where q̃ = qd−q223

is the error in the articular positions, ˙̃q = q̇d− q̇ is the error in the articular224

velocities, and Kd = diag(kd1, kd2) ∈ R2×2, Ki = diag(ki1, ki2) ∈ R2×2, and225
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Kp = diag(kp1, kp2) ∈ R2×2 are the gain matrices of the proportional-integral-226

derivative (PID) stabilizing strategy.227

u = M(q)v + C(q, q̇)q̇ + g(q) + ff (q̇) (9)
228

v = q̈d +Kpq̃ +Ki

∫
q̃ dt+Kd

˙̃q (10)

As observed in (9) and (10), the CTC counteracts the nonlinear behaviors229

of a system by incorporating terms of the dynamic model in the control law.230

So, the e�ectiveness of the CTC depends on how close the model is to the231

actual system.232

It must be remarked that, despite the advantages of the CTC, there may233

be some drawbacks in its practical application for robots with a higher num-234

ber of degrees of freedom. In those kinds of robots, the matrices and vectors235

M(q), C(q, q̇), g(q), and ff (q̇) are signi�cantly more complex to calculate236

and measure/estimate as the degrees of freedom are increased. The above237

implies a higher computational cost to evaluate and operate these terms that238

may not be a�ordable for many systems. In those cases, model-free control239

[43] could be a better choice, and the proposed adaptive controller, described240

in the next sections, can still be utilized as is.241

Since parametric uncertainties a�ect the model accuracy, additional adap-242

tive strategies are necessary to maintain the performance of the CTC.243

3. Optimized adaptive controller based on regression and di�eren-244

tial evolution245

The optimized adaptive controller based on regression in Fig. 2 is pro-246

posed to compensate for the model inaccuracies in the CTC due to parametric247

uncertainties.248
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Figure 2: The proposed optimized adaptive controller based on regression.
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In Fig. 2, the CTC parameters (i.e., the gain vector θ = [kp1, kp2, ki1, ki2, kd1, kd2]
T )249

are updated online based on the proposed adaptive strategy.250

For each sampling instant, the adaptive strategy requires the solution of251

two fundamental problems to adjust the CTC parameters: (A) the robot252

identi�cation problem and (B) the controller tuning problem.253

The problem (A) is building a regressor through the robot identi�cation254

(including its uncertainties) based on its stored inputs and outputs (posi-255

tions, velocities, and control actions). The regressor is then used to make256

predictions about future robot outputs under given input information.257

On the other hand, problem (B) is related to the optimization of the258

CTC gains. For this, the Di�erential Evolution (DE) optimizer searches for259

the gains that, in addition to the current robot information (positions and260

velocities), produce the control action that leads the regressor response as261

close as possible to the desired reference.262

Since the regressor is a generalization of the actual system behavior, the263

optimized gains are then implanted in the CTC that governs the 2 d.o.f.264

robotic manipulator.265

The details about the above problems and their solution are discussed266

below.267

3.1. The robot identi�cation problem268

The identi�cation problem refers to using the robot's inputs and outputs269

to build a model of its behavior. For this, the input and output signals of270

the system are �rst measured. These measurements are utilized to estimate271

the parameters of a selected model structure. Then, the resulting adjusted272

model is evaluated to determine its capability to generate accurate output273

17



signals when di�erent inputs are given. According to [44], a successful identi-274

�cation requires enough and relevant information about inputs and outputs.275

That information must be generated by inputs that excite the system dy-276

namics (i.e., that generate the most varied behaviors possible in the system)277

and measured at suitable sampling intervals with adequate acquisition tech-278

nologies (i.e., fast enough and low noise-sensitive).279

The model is known as a regressor or regression model in di�erent study280

�elds [45]. A regressor is a mathematical structure that makes output predic-281

tions based on a set of input values. For this, the regressor must be trained282

�rst with a set of relevant and enough pairs of feature (input) and target283

(output) values, respectively denoted by x and y. A successfully trained284

regressor can generalize the behavior of the inputs and outputs of the system285

to a good extent, i.e., it has the capacity to predict suitable outputs on new286

or unknown inputs (i.e., on data di�erent from the one used during training)287

[46].288

In the context of the proposed adaptive control strategy, the regressor289

is trained (i.e., its parameters are adjusted) with the information about the290

robot inputs and outputs in the backward time window 0b ∈ [t − sb∆t, t),291

where sb is the number of backward steps of size ∆t from the current time t.292

Therefore, for an arbitrary instant t, the features are:293

X = [x(t− sb∆t), . . . ,x(t− 2∆t),x(t−∆t)]T (11)

with x(t̄) = [q(t̄)T , q̇(t̄)T ,u(t̄)T ], t̄ ∈ 0b as a feature vector.294

Similarly, the targets are:295

Y = [y(t− (sb + 1)∆t), . . . ,y(t−∆t),y(t)]T (12)
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with y(t̄+∆t) = [q(t̄+∆t)T , q̇(t̄+∆t)T ] as a target vector.296

After training a regressor with the information in (11) and (12), it can297

take the current robot positions q(t), velocities q̇(t), and control inputs u(t),298

i.e., x(t) = [q(t)T , q̇(t)T ,u(t)T ], to predict the future robot positions q(t+∆t)299

and velocities q̇(t+∆t), i.e., ŷ(t) = [q(t+∆t)T , q̇(t+∆t)T ]. This prediction300

is used later in the problem (B) to test candidate controller parameters θ301

that can generate suitable control actions u(t) to accurately reach the desired302

tracking pro�le yd(t), even under uncertainties.303

Currently, there are sophisticated and nonlinear regression models that304

have been successfully used in the identi�cation of systems [47, 48, 49]. How-305

ever, linear regressors possess desirable characteristics to make online con-306

troller tuning more e�cient:307

� They have simple structures, so the computational cost of making pre-308

dictions about new inputs is negligible. With this, the time to complete309

the controller tuning process, which requires multiple evaluations of the310

identi�ed model, is greatly reduced.311

� Its training or adjustment can be performed using a minimum amount312

of computational resources by means of an analytical closed-form so-313

lution to the least squares problem. This feature helps to reduce the314

time required to perform system identi�cation signi�cantly.315

� For short time windows, it is possible for the behavior of some robot316

states to exhibit approximately linear behavior. In these cases, a linear317

regressor could represent, to a large extent, the relationships between318

the inputs and outputs of the system.319
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Despite the desirable features, it is unlikely that a linear regression model320

can fully describe/learn the relationships between the inputs and outputs of321

a highly nonlinear system, even for a short time window, as accurate math-322

ematical modeling of the dynamic system or a more sophisticated compu-323

tational structure would. However, the savings in computational resources324

when using linear regressors may be signi�cant, so the applicability of the325

proposed adaptive controller can be extended to di�erent and more complex326

robotic systems and can provide them with good e�ciency and adequate327

uncertainty handling.328

Due to the above, only linear regression models are considered in this329

work. In this sense, the advantages to consider them in the proposed adaptive330

controller include simplicity, universality, and low computational cost [50].331

The following linear regression models are adopted to work along with332

the proposed adaptive strategy.333

Simple Linear Regressor (SLR)334

This regressor uses the model in (13) [51]. In (13), a scalar output ŷj335

(i.e., a single target value) is predicted over an input vector x = [x1, . . . , xn]336

using the model coe�cients ωj = [ωj,0, . . . , ωj,n]
T .337

ŷj(ωj,x) = ωj,0 + ωj,1x1 + · · ·+ ωj,nxn (13)

The model (13) is trained by adjusting the coe�cients ωj. These coef-338

�cients are obtained as the solution of the Least Squares problem in (14)339

[51]. This problem considers the minimization of the sum of squared resid-340

uals ri,j = ŷj(ωj,xi) − yi,j (i.e., the di�erence between the predicted target341

ŷj and the actual target yi,j) over l data pairs of inputs xi = [xi,1, . . . , xi,n]342
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and their corresponding outputs yi,j in the features set X = [x1, . . . ,xl]
T and343

the targets set Y = [y1, . . . ,yl]
T , considering that yi = [yi,1, . . . , yi,j, . . . , yi,m]344

with j as one of the targets.345

min
ωj∈Rn+1

l∑
i=1

r2i,j (14)

Using the following closed-form expression, it is possible to obtain an346

analytic solution to the above problem [51]:347

ω∗j = (X̄T X̄)−1X̄TYj (15)

where X̄ = [1, X] is the matrix X including the �rst column with ones348

(induced by the bias term ωj,0), and Yj = [y1,j, . . . , yl,j]
T (i.e., the j-th column349

vector of Y ).350

Polynomial Regressor (PR)351

As its name suggests, this regressor includes a nonlinear model based on352

a multivariate polynomial [52]. Without losing generalization, a multivariate353

polynomial of degree d can be de�ned as the weighted sum of monomials of354

degree d and lower that can be made using a set of independent variables.355

For the independent variables in x, the total number of available monomials356

is given by (16).357

p =

(
d+ n

n

)
=

(d+ n) !

n ! d !
(16)

Similar to the SLR, the polynomial regressor can predict the value of a358

single target ŷj when an input vector x = [x1, . . . , xn] is given. Nevertheless,359

the PR of degree d uses x̃ = [x̃1, . . . , x̃p−1] as the input vector, with x̃k as360

21



a unique monomial of degree d or lower and di�erent from 1 made by the361

variables in x. So, the PR model takes the form:362

ŷj(ωj,x) = ωj,0 + ωj,1x̃1 + · · ·+ ωj,p−1x̃p−1 (17)

where ωj = [ωj,0, . . . , ωj,p−1]
T is the vector of the regressor weights.363

The model in (17) matches the simple linear regressor in (13). There-364

fore, the coe�cients ωj can be obtained as the solution of the associated365

optimization problem in (14) by the closed-form expression in (15).366

Example: For x = [x1, x2] (i.e., n = 2) and d = 2, the following p = 6367

monomials are available: 1, x1, x2, x1x2, x2
1, and x2

2. So, the vector of368

regressor weights for the j-th target is ωj = [ωj,0, ωj,1, ωj,2, ωj,3, ωj,4, ωj,5]
T

369

and the associated polynomial regressor is ŷj(ωj,x) = ωj,0+ωj,1x1+ωj,2x2+370

ωj,3x1x2 + ωj,4x
2
1 + ωj,5x

2
2.371

Multi-target regressor372

As can be noticed, the above regression models can predict only a single373

scalar target ŷj at a time based on the optimized parameters ωj and a feature374

vector x. Nevertheless, a robotic manipulator has several outputs yi =375

[yi,1, . . . , yi,j, . . . , yi,m] (i.e., the positions and angular velocities of each of376

its joints) at each time instant. Then, a multi-target regressor is built by377

several regression models of the same type (SLR or PR) in such a way that378

one regressor is trained for one target component of ŷi.379

The multi-target regressor is in the form (18) for the particular study380

case.381

ŷ = f(x,Ω) (18)
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where Ω contains the parameters ωj used on the regressor model for all382

outputs j = 1, . . . ,m.383

3.2. The controller tuning problem384

Once the multi-target regressor in (18) �ts the robot behavior, it can385

be used to predict the output response when di�erent control actions u are386

tested. These actions are computed by the CTC structure, which requires a387

suitable tuning of its gains θ to work appropriately and compensate for the388

e�ect of the uncertainties.389

Therefore, the optimization problem in (19) is stated to obtain the best390

CTC parameters for each sampling instant ∆t. This problem aims to �nd391

the gains θ that, used in the CTC, generate the control actions u required to392

minimize the Integral of the Squared Error (ISE) performance index within393

a forward time window 0f ∈ (t, t+ sf△t], with sf as the number of forward394

steps. For this, e(t̄) = yd(t̄)−ŷ(x(t̄−△t),Ω) is the error between the desired395

pro�le yd(t̄) and the output ŷ(t̄) predicted by the regressor over the feature396

vector x(t̄−△t), with the parameters Ω adjusted in the identi�cation stage397

and t̄ ∈ 0f . Moreover, the values of θ are limited by established lower and398

upper bounds, denoted respectively by θl and θu.399

Remark: If sf > 1, the �rst prediction with the regressor is performed400

on the feature vector x(t̄) = [q(t̄)T , q̇(t̄)T ,u(t̄)T ], i.e., using the states y(t̄+401

∆t) = [q(t̄+∆t)T , q̇(t̄+∆t)T ] acquired from the real system. For subsequent402

predictions, the regressor uses x(t̄ + ∆t) = [q̂(t̄ + ∆t)T , ˙̂q(t̄ + ∆t)T ,u(t̄ +403

∆t)T ], i.e., the prediction is made over the states previously calculated by404

the regressor ŷ(t̄+∆t) = [q̂(t̄+∆t)T , ˙̂q(t̄+∆t)T ].405
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min
θ∈R6

J(θ) =

∫
t̄∈0f

e(t̄)Te(t̄) dt̄

subject to:

θl ≤ θ ≤ θu

(19)

It is important to notice that problem (19) includes the highly nonlinear406

behaviors of the CTC structure given in (9), could have discontinuities in-407

duced by the tracked trajectory, and it is di�cult to guess an initial solution,408

so it cannot be solved analytically, and the classical optimization methods are409

not likely to �nd proper solutions. In this case, metaheuristics are potential410

alternatives to solve the controller tuning problem.411

Di�erential Evolution (DE)412

Metaheuristics are stochastic computational techniques that can provide413

good solutions to di�cult optimization problems in a�ordable computational414

time [28]. Today, there is a vast number of such techniques designed to415

tackle di�erent problems. One of these techniques is known as Di�erential416

Evolution (DE) [53], a simple algorithm inspired by the theory of natural417

evolution of species with outstanding performance in solving problems in418

various engineering areas including control [10].419

Due to its simplicity and high performance, DE is used to online solve420

the secondary problem of controller tuning in (19). For this purpose, the421

Online DE (ODE) variant of DE described in [54] is adopted. ODE is a DE422

alternative specially designed to solve online optimization problems. Unlike423

the original DE, where at the beginning of an optimization process, a new424

random population is generated from scratch, ODE stores the information of425
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Algorithm 1: Online Di�erential Evolution

Input: Number of generations (Gmax), Population size (NP ), Crossover

Rate (CR), Previous best individual (θbest).

Output: Best individual (θbest).

1 G← 0

2 Generate an initial population ΘG with NP random individuals.

3 if θbest ̸= ∅ then

4 ΘG,1 ← θbest

5 while G < Gmax do

6 Generate a random scaling factor F ∈ [0.3, 0.9].

7 foreach θi ∈ ΘG do

8 Select three random individuals θr1, θr2, and θr3 from the

population ΘG such that r1 ̸= r2 ̸= r3 ̸= i.

9 Generate a mutant individual vi using vi = θr1 + F (θr2 − θr3).

10 Generate an o�spring individual ui using

ui,j =

 vi,j , if rnd(0, 1) < CR or j = jrnd

θi,j , otherwise
, with jrnd as a

random design variable and rnd(0, 1) a random number in [0, 1].

11 Choose between θi and ui the �ttest individual that will remain in

the population ΘG.

12 ΘG+1 ← ΘG

13 G← G+ 1

14 Select the best individual θbest from the population ΘG.

15 return θbest
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the best solution found in a previous optimization process and incorporates426

it into the randomly initialized population of the new process.427

Algorithm 1 describes the behavior of ODE. This DE variant receives as428

input the information of the optimization problem (i.e., the objective function429

J(θ) and the upper and lower bounds, respectively θl and θu), the values430

of its hyperparameters (i.e., the maximum number of generations Gmax, the431

population size NP , and the crossover rate CR) and, if any, the best solution432

found in a previous optimization process. In the initial generation of this433

algorithm (line 1), NP random vectors (so-called individuals) are generated434

between the bounds given by θl and θu to form the population ΘG (line 2).435

If the best solution from a previous optimization process is available, it is436

included instead of the �rst individual in the population ΘG (lines 3 and437

4). Subsequently, an evolutionary cycle is started that concludes at the end438

of Gmax generations (lines 5 to 13). At the beginning of each generation, a439

scaling factor F ∈ [0.3, 0.9] is randomly generated, as suggested in [55]. Next,440

for each individual θi in ΘG (line 7), three random individuals θr1, θr2, and441

θr3 are selected from the same population (line 8). These individuals are442

used to generate a mutant vi (line 9), and this in turn recombines with443

the original individual θi to obtain an o�spring ui (line 10). The original444

individual competes with its o�spring to determine the �ttest one using J(θ),445

which will prevail in the population (line 11). At the end of each generation,446

the individuals of ΘG make up the population of the next generation ΘG+1447

(lines 12 and 13). When all generations elapse, the �ttest individual from448

the last population ΘG is chosen as the best solution to the optimization449

problem θbest based on J(θ) (lines 14 and 15).450
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3.3. Summary of the proposed adaptive controller451

This section aims to summarize the complete behavior of the proposed452

Adaptive Controller (AC). For this purpose, the Algorithm 2 is employed.453

In this, it is expected that the robotic manipulator performs the task of454

trajectory tracking under uncertainties with high e�ciency using an online-455

optimized-gain CTC. At each sampling instant △t between the initial ti456

and �nal tf execution times (lines 1 to 15), the AC acquires and stores in457

memory information about the current states of the manipulator (line 3)458

and the applied CTC control signals (line 13). The above data forms the459

knowledge base about the past system behavior. If the base is su�ciently460

large (line 4), i.e., if it includes enough information about the past states461

and control signals in a short backward window sb△t, the identi�cation and462

tuning process can be carried out to optimize the CTC gains (lines 5 to 10);463

otherwise, a prede�ned set of gains is adopted θ0 (lines 11 and 12). In the464

former case, the identi�cation process is performed �rst (line 5). For this, the465

past sb manipulator states and CTC control signals conform to the sets of466

features X and targets Y (line 6). Then, these sets are used to compute the467

closed-form expression (8) to obtain the optimal parameters Ω∗ for the multi-468

target regression model (18) (line 7). The regressor can predict the system469

response under di�erent control actions computed with distinct gains θ in470

order to optimize its performance. The above is made by the tuning process471

(line 8). In this, the optimization problem in (19) is established �rst (line 9).472

This utilizes the predictions of the multi-target regressor optimized in the473

identi�cation stage to evaluate the performance of the system when using474

di�erent CTC gains θ. Then, the problem is solved by the metaheuristic475
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x̄d(t) =


x0 + r1 cos

(
2πt
10

)
, t ≤ 10 (s)

x0 + (r1 − r2) cos
(
2πt
10

)
+ r2 cos

(
1−r1
r2

2πt
10

)
, 10 (s) < t ≤ 20 (s)

x0 + r1
cos( 2πt

10 )
sin( 2πt

10 )
2
+1

, t > 20 (s)

(20)

method ODE described in Algorithm 1 (line 10). The optimized gains θ∗ of476

the CTC are the expected outcome of the tuning process. Subsequently, the477

gains (either prede�ned or optimized) are included in the CTC to calculate478

the control signal (line 13) to be used in the robot (line 14).479

4. Results480

4.1. Experiment conditions481

In the proposed experiment, the end-e�ector of the 2 d.o.f. robotic ma-482

nipulator must follow the desired highly nonlinear trajectory in the Carte-483

sian space given by (20) and (21) during 30 (s), with x0 = y0 = 0.25 (m),484

r1 = 0.15 (m), and r2 = 0.015 (m). The above trajectory is made up of485

a circle, a hypocycloid, and a Bernoulli lemniscate that must be developed486

by the robot for 10 (s) each. The desired articular pro�le yd = [qT
d , q̇

T
d ],487

used in the CTC structure (9)-(10), is obtained by substituting (20) and488

(21) in the end-e�ector inverse kinematics equations described in (A.5)-(A.7)489

from the Appendix A. For the simulation of this system, a sampling time of490

△t = 5 (ms) is set, and the numerical Euler integration method is utilized.491

Parametric uncertainties are considered in the dynamic parameters. In492

this sense, the link masses, inertia, and lengths to the mass centers vary493

up to ±10% from their nominal values. This relatively small variation is494
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Algorithm 2: Proposed Metaheuristic Adaptive Controller based on

Polynomial Regression and Di�erential Evolution
Input: Initial time (ti), Final time (tf ), Sampling interval (△t), Number of backward steps for

identi�cation (sb), Number of forward steps for tuning (sf ), Estimated dynamic model

parameters (p̂), Initial controller gains (θ0), ODE hyperparameters (Gmax, NP , and

CR), Desired trajectory (q̄ and ˙̄q).

Output: None.

1 t← ti

2 while t < tf do

3 Acquire or estimate current states q(t) and q̇(t) from the robotic manipulator and store

them in memory.

4 if t ≥ sb△t then

5 Identi�cation process:

6 Conform the sets of features X and targets Y using the information of the past

sb manipulator states q(t̄), q̇(t̄) and control signals u(t̄) with t̄ ∈ [t− sb△t, t).

7 Compute the closed-form expression (15) along with X and Y to obtain the

optimal parameters Ω∗ for the multi-target regression model (18).

8 Tuning process:

9 Use the multi-target regression model to establish the tuning optimization

problem (19). Consider the following:

• The multi-target regression model (18) with the optimal parameters Ω∗ (from

the identi�cation process) is used to predict the future manipulator outputs

ŷ(t̄+△t) given new input values x(t̄) for t̄ ∈ [t, t+ sf△t).

• The estimated control signal û(t̄) in the input x(t̄) is computed with the CTC

in (9) and (10) using the estimated model parameter vector p̂ and the states

q(t̄), q̇(t̄) from x(t̄) for a given set of gains θ.

• Compute the optimized controller gains θ∗ with ODE from Algorithm 1 using

the hyperparameters Gmax, NP , and CR, and the last value of θ∗ found by

ODE (if exists).

10 else

11 θ∗ ← θ0

12 Compute the current control action u(t) with the CTC in (9) and (10) using the

optimized gains θ∗, the estimated model parameter vector p̂, and the current states

q(t), ṫ(t̄), and store it in memory.

13 Use u(t) in the robotic manipulator for the trajectory tracking.

14 t← t+△t
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ȳd(t) =


y0 + r1 sin

(
2πt
10

)
, t ≤ 10 (s)

y0 + (r1 − r2) sin
(
2πt
10

)
+ r2 sin

(
1−r1
r2

2πt
10

)
, 10 (s) < t ≤ 20 (s)

y0 + r1
cos( 2πt

10 ) sin(
2πt
10 )

sin( 2πt
10 )

2
+1

, t > 20 (s)

(21)

chosen because these dynamic parameters can be measured or calculated495

in a simple way and usually vary little in practice. On the other hand,496

uncertainties are included in the viscous and Coulomb friction coe�cients in497

such a way that they vary up to ±50% from their nominal values at di�erent498

frequencies. Relatively large and dynamic variations are chosen because the499

e�ect of friction changes continuously due to environmental phenomena, and500

it is also di�cult to measure, with time being one of the most in�uential501

variables in these variations [56]. So, this simulates a hard environment in a502

short period of time. The above uncertainties are summarized in Table 2 and503

aim to introduce realistic extreme conditions to the simulation experiments.504

Additionally, random noise is included in the acquired states of up to ±0.1%505

with respect to the actual signals.506

Two adaptive controllers based on the Simple Linear Regressor (SLR-507

AC) and the Polynomial Regressor (PR-AC) are studied to determine the508

e�ectiveness of the proposed approach. For these controllers, it is considered509

a number of backward steps for identi�cation of sb = 10 (i.e., it uses the510

information of the features and targets of the system in a backward time511

window of 10∆t.) and forward steps for tuning of sf = 1 (i.e., tuning is512

performed with the information of a single prediction with the regressor).513

These parameters were adjusted by trial and error in an attempt to main-514
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Table 2: Description of the parametric uncertainties.

Parameter Uncertain value

b1 b1 +
1
2
b1 sin

(
1
3
t
)

b2 b2 +
1
2
b2 cos

(
1
2
t
)

µ1 µ1 +
1
2
µ1 cos

(
1
5
t
)

µ2 µ2 +
1
2
µ2 sin

(
1
4
t
)

m1
11
10
m1

m2
9
10
m2

lc1
9
10
lc1

lc2
11
10
lc2

I1
11
10
I1

I2
9
10
I2
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tain high control performance and low computational cost. In the case of515

PR-AC, the polynomial degrees d = 2, 3, 4 are tested for the model (17)516

and the second-degree polynomial obtained the best performance, so this517

model is used in the study. Concerning the metaheuristic optimizer ODE,518

the hyperparameter CR = 0.5 is selected according to the suggestions in519

[55], while the maximum number of generations Gmax = 20 and the pop-520

ulation size NP = 20 are selected to perform the tuning e�ectively in a521

reasonably short time. As can be noticed in Section 3, there is no enough522

information in memory to train the regressor when t < sb∆t. Then, for523

this short time interval, the following �xed gains of the CTC are implanted524

in the SLR-AC and PR-AC alternatives: k∗p1 = 220.418, k∗p2 = 229.164,525

k∗i1 ≈ 0, k∗i2 ≈ 0, k∗d1 = 204.220, and k∗d2 = 205.494 (these gains are op-526

timized for a �xed-gain CTC as explained in detail further below). Based527

on the above gains, the lower and upper bounds of θ for the tuning prob-528

lem are established as θl = [1
4
kmax,

1
4
kmax,

1
4
kmax,

1
4
kmax,

3
4
kmax,

3
4
kmax]

T and529

θu = [4kmax, 4kmax, 4kmax, 4kmax,
5
4
kmax,

5
4
kmax]

T , with kmax as the highest530

value gain optimized o�ine for the CTC. This is due to the low evaluation531

budget of the tuning problem, which requires keeping the limits of the design532

variables tight to avoid over�tting. For kd1 and kd2, the bounds are kept tight533

because of the high sensitivity to these gains in trajectory tracking perfor-534

mance observed for the CTC, contrary to kp1 and kp2, whose bounds are kept535

wider. In the case of ki1 and ki2, the bounds are also chosen wider with the536

intention that the adaptive controller can compensate for steady-state errors537

that the CTC cannot (this due to its tuning considering an ideal scenario538

without noise and uncertainties, as described below).539
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To perform comparisons, the adaptive control strategy, where the iden-540

ti�cation and tuning processes are carried out through online metaheuristic541

optimization, is also considered for comparison and, from now is referred to542

as MH-AC. Unlike the adaptive control strategy proposed in this work, MH-543

AC performs the identi�cation of the dynamic parameters of the model in544

(8) with the aid of ODE. For this purpose, ODE searches for the dynamic545

parameters of the manipulator that minimize the di�erences between the546

outputs acquired from the real system and the outputs computed with the547

dynamic model when both are subject to the same initial conditions and548

the same control inputs. The above is quanti�ed with the Mean Squared549

Error (MSE). In this case, only the states acquired in a time window with550

a number of backward steps sb = 10 of △t are considered for each sampling551

instant. In addition, the search space for each dynamic parameter of the552

model is between zero and twice its nominal value in Table 1. Similar to the553

proposed control strategy, the online identi�ed model is used to predict the554

future responses of the robot to tune the CTC gains (i.e., the gains of the555

PID stabilizing strategy (10)) as the solution to the optimization problem556

in (19) through ODE, while the parameters of the dynamic model used in557

this controller are set the same as the nominal ones in Table 1. For both the558

identi�cation and tuning processes, the hyperparameters of ODE are set as559

CR = 0.5, Gmax = 20, and NP = 20.560

Additionally, the �xed-gain CTC is adopted. This controller is tuned561

o�ine through ODE, considering the same task in (20) and (21), but with-562

out taking into account parametric uncertainties neither noise. Since time563

is not a constraint for o�ine tuning, a larger budget of problem evaluations564
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is provided to ODE by selecting the hyperparameters Gmax = 10, 000 and565

NP = 50. Also, the optimization problem consists of �nding the gains of566

the controller that minimize the ISE index for the error between the desired567

pro�le yd and the simulated robot output y within the execution window568

t ∈ [0, 30] (s). For the o�ine tuning problem of the CTC, the bounds are569

established θl,i = 0 and θu,i = 10, 000 for i = 1, 2, . . . , 6. After the opti-570

mization with ODE, the best CTC gains are k∗p1 = 220.418, k∗p2 = 229.164,571

k∗i1 ≈ 0, k∗i2 ≈ 0, k∗d1 = 204.220, and k∗d2 = 205.494 (the same ones used at572

the beginning of the execution of the adaptive controllers).573

All controller alternatives are implemented in a PC with Intel(R) Core(TM)574

i3-10105F CPU @ 3.70 GHz and 32 GB of RAM.575

4.2. Experiment results and discussion576

Given the stochastic nature of the used adaptive control strategies and the577

random noise signal included during the acquisition of the system states, 30578

independent runs of each control alternative are performed to gather relevant579

experimental evidence. For the comparative analysis, it is considered the580

ISE index between the reference yd and the simulated robot output y in the581

articular space, the execution time T of each controller, and the norm of the582

control signal ∥u∥.583

Regarding the error measured in terms of ISE, Table 3 includes the av-584

erage, standard deviation, minimum, and maximum values of the 30 inde-585

pendent runs for each controller. According to the mean ISE in Table 3,586

MH-AC is the best-performing alternative in tracking the desired trajectory587

yd. Also, it can be observed that PR-AC obtains the second-best performance588

with a mean value 55% higher than that of MH-AC. These two performances589
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Table 3: Performance of the compared alternatives in the articular space.

Controller Mean ISE Std. ISE Min. ISE Max. ISE

CTC 7.9342e-03 1.0216e-05 7.9118e-03 7.9647e-03

SLR-AC 6.5226e-03 2.1584e-03 3.7409e-03 1.1906e-02

PR-AC 3.9201e-03 1.9905e-04 3.5452e-03 4.4781e-03

MH-AC 2.5348e-03 8.9948e-05 2.3710e-03 2.7683e-03

are followed by those of the strategy based on the simple linear regressor590

SLR-AC and the o�ine adjusted CTC. The above performances may be due591

to the ability of adaptive controllers to compensate for the negative e�ects592

of parametric uncertainties and random noise through online adjustment of593

their gains. In the MH-AC controller, the online identi�cation of the dy-594

namic model allows for generalizing the robot behavior accurately and, con-595

sequently, aids in making better predictions for calculating control gains. In596

the case of regression-based controllers, the di�erence between PR-AC and597

SLR-AC may be due to a better capability of PR to generalize the nonlinear598

behavior of the robotic manipulator within the short time window sb∆t, in599

comparison with SLR. Unlike adaptive controllers, the performance of CTC600

depends on its o�ine tuned gains and, at the same time, on the model used601

for both tuning and compensation of the nonlinear dynamics of the system.602

As the behavior of this model deviates from the actual system behavior, the603

performance of CTC decreases, as suggested in the table. On the other hand,604

the same behavior of the mean ISE is observed for its minimum and max-605

imum values in Table 3, where MH-AC has the best performance, followed606
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Figure 3: Articular positions tracked by the best runs of CTC, SLR-AC, PR-AC, and

MH-AC controllers.

closely by the proposed strategies PR-AC and SLR-AC, and CTC in last607

place. With respect to the ISE standard deviation, CTC shows the smallest608

value and, therefore, has the highest repeatability. MH-AC, PR-AC, and609

SLR-AC follow this value in that order. This can be due to the fact that610

CTC does not have a stochastic adaptation mechanism (and therefore has611

a deterministic behavior), unlike the rest of the alternatives that use online612

optimization with ODE to identify the system (in MH-AC) and tune the613

controller gains (MH-AC, PR-AC, and SLR-AC).614
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Figure 4: Articular speeds tracked by the best runs of CTC, SLR-AC, PR-AC, and MH-

AC controllers.
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Figure 5: Articular position errors obtained with the best runs of CTC, SLR-AC, PR-AC,

and MH-AC controllers.

Figures 3 and 4 show the responses obtained during the best execution615

(concerning ISE) of each controller to illustrate the above results. In this616

sense, Fig. 3 includes the position tracked by the robotic manipulator in the617

articular space, while Fig. 4 shows the articular speeds developed by the618

robot. As can be seen in these �gures, the MH-AC and PR-AC controllers619

can obtain articular positions with imperceptible deviations with respect to620

the reference. In the case of SLR-AC, these deviations are especially notice-621

able when developing the highly nonlinear trajectory in (20) and (21) with622

10 (s) < t ≤ 20 (s) (i.e., the hypocycloid). Now, with respect to CTC, it is623

possible to observe important deviations during the realization of the com-624

plete trajectory. This is related to using the optimized gains k∗i1 ≈ 0 and625

k∗i2 ≈ 0, which induce a steady state error. It should be recalled that these626

gains were obtained by not considering noise and uncertainties during CTC627

o�ine tuning. On its part, Fig. 4 shows the speed pro�les tracked by the628

robot manipulator using each control alternative. In this �gure, it is easy to629
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Full scale Zoom
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Figure 6: Articular speed errors obtained with the best runs of CTC, SLR-AC, PR-AC,

and MH-AC controllers. The �rst column shows the plots in full scale, and the second

with a larger zoom.
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Table 4: Computational burden required by the compared alternatives.

Controller Mean T (s) Std. T (s) Min. T (s) Max. T (s)

CTC 1.1200e-02 4.8381e-03 8.0000e-03 3.1000e-02

SLR-AC 2.2052e+00 9.0149e-03 2.1920e+00 2.2350e+00

PR-AC 7.0120e+00 7.8992e-02 6.9490e+00 7.2200e+00

MH-AC 1.9893e+01 1.8565e-01 1.9780e+01 2.0803e+01

notice that MH-AC and PR-AC track the speed reference more accurately.630

Besides, CTC shows slight deviations from the reference, and SLR-AC some-631

times has di�culties following the velocity pro�le. The error associated with632

tracking articular position and speed pro�les can be found in Figures 5 and633

6, respectively. In Fig. 5, it is possible to appreciate that MH-AC presents634

more attenuated articular position errors than the rest of the alternatives.635

Moreover, the magnitude of these errors is similar for the regression-based636

alternatives, and, as for CTC, these �gures allow a better insight into the637

steady-state error. As for Fig. 6, it can be noticed that the largest di�er-638

ences between the velocities obtained using the controllers and the reference639

occur at the beginning of the trajectory and when abrupt changes in it arise640

(i.e., when t = 0, 10, 20 (s)). Also, it is evident that the articular speed error641

signals are similar for all controllers. For MH-AC and PR-AC, these signals642

seem to be more attenuated during some time intervals than the rest of the643

alternatives.644

In terms of the computational burden required by the control alternatives,645

Table 4 summarizes the mean, standard deviation, minimum, and maximum646
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execution time values (denoted by T) of their 30 independent runs. According647

to the information in this table, CTC is the most time-e�cient alternative.648

The simplicity of CTC explains this, since it does not require additional649

model or controller parameter searching. So, CTC only uses computational650

resources to evaluate the dynamic model of the system during the calculation651

of the control action, which is re�ected in a negligible execution time. At652

the other extreme, MH-AC is the controller that requires the highest amount653

of computational resources. This is because MH-AC performs two search654

processes using ODE, one to identify the system and the other to tune the655

controller, the former being the most expensive (due to the continuous evalu-656

ation of the dynamic model and the amount of backward information used to657

perform the identi�cation given by sb). Despite this, the mean time for MH-658

AC is 19.893 (s), so it is still an a�ordable alternative to develop the 30 (s)659

trajectory. However, as the controlled system becomes more complex (e.g., a660

six-degree-of-freedom industrial manipulator robot), it is expected that, due661

to the increased complexity of the dynamic model, the execution time will662

rise considerably, and MH-AC will not be able to perform the searches on663

time. On the other hand, the SLR-AC and PR-AC controllers save consid-664

erable computational resources during the online identi�cation stage since,665

instead of performing the search for the dynamic model parameters with a666

technique such as ODE, they use a linear regression model and �t it using667

the backward information obtained from the system through a computation-668

ally low-cost closed-form expression. In addition, using a linear regression669

model to make predictions at the tuning stage can also save time since the670

dynamic model, which can be very complex, is not evaluated as such. These671
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Table 5: Control action behavior of the compared alternatives.

Controller Mean ∥u∥ (Nm) Std.∥u∥ (Nm) Min. ∥u∥ (Nm) Max. ∥u∥ (Nm)

CTC 3.4425e+04 6.0485e-01 3.4424e+04 3.4426e+04

SLR-AC 3.4467e+04 1.1460e+02 3.4316e+04 3.4749e+04

PR-AC 3.4309e+04 9.7040e+00 3.4284e+04 3.4321e+04

MH-AC 3.4310e+04 6.4070e+00 3.4301e+04 3.4322e+04

savings can be seen in Table 4, where SLR-AC requires about 11% of the672

mean execution time used by MH-AC, and PR-AC uses about 35% of that673

time. On the other hand, it is worth mentioning that all alternatives are re-674

liable in terms of execution time for the utilized computer and, in the worst675

case (MH-AC), the time can deviate up to about 0.2 (s) with respect to the676

mean. At this point, it is worth mentioning that in contrast to the works677

in [30, 31, 32], which can implement in practice the intelligent adaptation678

mechanism (consisting of the identi�cation and tuning stages), the compu-679

tational cost of the proposal is signi�cantly reduced, using on average, with680

the second degree polynomial regressor, only 1.2 (ms) of the 5 (ms) available681

at each sampling instant. This highlights the feasibility of implementing the682

proposal not only for the two d.o.f. robotic manipulator, but also for robotic683

systems of higher complexity.684

Finally, examining some features of the control actions generated by the685

compared alternatives is interesting. For this purpose, Table 5 shows the686

mean, standard deviation, minimum, and maximum of ∥u∥. Based on the687
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Figure 7: Control signals computed with the best CTC, SLR-AC, PR-AC, and MH-AC

runs. The �rst column shows the plots in full scale, and the second with a larger zoom.
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mean of ∥u∥ presented in this table, it is observed that PR-AC is the most688

energy-e�cient alternative and is narrowly followed by MH-AC. Also, CTC689

shows the third-best energetic performance with a mean value of ∥u∥ similar690

to SLR-AC, which is ranked last. The behavior of the control signals for691

all alternatives is shown in Fig. 7. The �gure shows close behaviors of the692

two control signals the manipulator requires with all controllers. In addition,693

sudden changes in these control actions can be seen that coincide with the694

abrupt changes in the trajectory. For SLR-AC, the changes in the control695

signals at the end of the run are intended to compensate for the errors in696

tracking the desired pro�le. Because of the stochastic nature of the proposed697

control strategy, it is very likely that the controller con�guration found in698

one time interval will be di�erent from those in other time intervals. The699

noisy or unsmooth behavior of the control signals in Fig. 7 is attributed to700

the above fact. However, such behavior can help to excite di�erent dynamics701

of the manipulator robot and bene�t the identi�cation process [44].702

4.3. Reliability analysis in the proposed approach703

The stochastic nature of the proposal requires non-parametric statistical704

tests to verify the con�dence in the obtained results and the generalization of705

the conclusions. So, this section presents an analysis based on non-parametric706

statistics of the performance of the controllers in terms of ISE and computa-707

tional burden to verify the reliability of the results.708

First, the Friedman multicomparative test [57], with a statistical signi�-709

cance α = 5% is performed for the distributions of ISE and execution times710

achieved by the 30 independent runs of all controllers. Tables 6 and 7 show711

respectively the results of the multicomparative tests considering ISE and712

44



Table 6: Ranks achieved by the controller according to the Friedman multi-comparative

test considering ISE.

Algorithms Friedman rank

CTC (4) 3.8330

SLR-AC (3) 3.0670

PR-AC (2) 2.1000

MH-AC (1) 1.0000

Statistic 81.1600

p-value 1.7306e-17

computational burden. These tables include the controller in the �rst col-713

umn and its Friedman rank in the second column. At the bottom of these714

tables are summarized the p-value (i.e., the probability of accepting the null715

hypothesis, which states that there are no signi�cant di�erences in the sam-716

ple distributions) and the χ2 statistic (i.e., the magnitude of di�erences in717

the distributions). According to these two tables, the ISE and execution718

time distributions show signi�cant di�erences from each other. The indices719

(1) through (4) are placed next to the name of each controller to identify the720

most promising alternatives according to Friedman rank (lower is better for721

minimization problems).722

Next, post-hoc pair-wise Friedman tests are performed for the ISE and723

computational burden results considering all the controllers to con�rm the724

tendency suggested by the ranks described above. The p-value obtained in725

each test is adjusted using Holm, Sha�er, Bergmann, and Bonferroni correc-726

tions [57] to increase the robustness of the test conclusions. Tables 8 and 9727
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Table 7: Ranks achieved by the controller according to the Friedman multicomparative

test considering computational burden.

Algorithms Friedman

CTC (1) 1.0000

SLR-AC (2) 2.0000

PR-AC (3) 3.0000

MH-AC (4) 4.0000

Statistic 90.0000

p-value 2.1906E-19

include respectively the results of the pairwise tests for ISE and execution728

time. The �rst column of these tables indicates the test performed, the mid-729

dle columns include the p-value and its corrections, and the last column shows730

the di�erence between the multicomparative Friedman test ranks obtained731

by the �rst and second controllers considered in the pair-wise test (these are732

in Tables 6 and 7). Boldface results in the �rst column denote that one con-733

troller is superior to the other when the p-value and its corrections con�rm734

that the alternative hypothesis is satis�ed. In the middle columns, the bold-735

face indicates that the p-value does not exceed statistical signi�cance. The736

rank di�erence is utilized to determine the winner of each test (a negative737

di�erence indicates that the �rst driver is better, while a positive di�erence738

indicates the opposite). Based on the above results, the controllers can be739

ranked from best to worst with respect to their performance in terms of ISE740

as MH-AC, PR-AC, SLR-AC, and CRC. When the computational burden is741

considered, this order is reversed.742
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Table 8: Pairwise Friedman tests using adjusted p-values for all controllers and considering

ISE.

Test Unajusted Holm Sha�er Bergmann Bonferroni Rank di�.

CTC vs MH-AC 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 2.8330

CTC vs PR-AC 1.9929E-07 7.9715E-07 5.9787E-07 5.9787E-07 1.1957E-06 1.7330

CTC vs SLR-AC 2.1448E-02 2.1448E-02 2.1448E-02 2.1448E-02 1.2869E-01 0.7667

MH-AC vs PR-AC 9.6685E-04 2.9005E-03 2.9005E-03 1.9337E-03 5.8011E-03 -1.1000

MH-AC vs SLR-AC 5.6463E-10 2.8232E-09 1.6939E-09 1.6939E-09 3.3878E-09 -2.0670

PR-AC vs SLR-AC 3.7316E-03 7.4633E-03 7.4633E-03 3.7316E-03 2.2390E-02 -0.9667

Table 9: Pairwise Friedman tests using adjusted p-values for all controllers and considering

computational burden.

Test Unajusted Holm Sha�er Bergmann Bonferroni Rank di�.

CTC vs MH-AC 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 -3.0000

CTC vs PR-AC 1.9732E-09 9.8659E-09 5.9195E-09 5.9195E-09 1.1839E-08 -2.0000

CTC vs SLR-AC 2.6998E-03 8.0994E-03 8.0994E-03 5.3996E-03 1.6199E-02 -1.0000

MH-AC vs PR-AC 2.6998E-03 8.0994E-03 8.0994E-03 5.3996E-03 1.6199E-02 1.0000

MH-AC vs SLR-AC 1.9732E-09 9.8659E-09 5.9195E-09 5.9195E-09 1.1839E-08 2.0000

PR-AC vs SLR-AC 2.6998E-03 8.0994E-03 8.0994E-03 5.3996E-03 1.6199E-02 1.0000

47



4.4. Tracking fast and highly complex trajectories743

Finally, it is important to observe the performance of the proposed adap-744

tive controller in tracking fast and highly complex trajectories. For this, an745

additional case study is developed with the 2 d.o.f. robotic manipulator and746

the PR-AC using the same adverse conditions reported in Section 4.1 (i.e.,747

random noise and parametric uncertainties), as well as the optimizer param-748

eters and search bounds, but considering the tracking of the highly complex749

trajectory adopted in [58]. Such a trajectory is described in (22) and must750

be completed in 2π (s).751

x̄d(t) = x0 +
r1
2
sin(11t) + r1

2
sin(2t)

ȳd(t) = y0 +
r1
2
sin(11t+ 1.6) + r1

2
sin(2t+ 1.6)

(22)

Table 10 summarizes the results obtained with the PR-AC after 30 in-752

dependent runs in terms of ISE, the execution time (T), and the norm of753

the control signal ∥u∥. Based on the ISE, PR-AC has an acceptable perfor-754

mance when tracking a fast and highly complex trajectory (compared with755

the results obtained in Table 3 when tracking slower and less complex trajec-756

tories). Concerning the execution time T, it is a�ordable and proportional757

to the values reported in Table 4 (considering the tracking times of 30 (s)758

and 2π (s)). In the case of the control signal norm ∥u∥, PR-AC requires a759

higher e�ort to follow the fast and highly complex trajectory in contrast to760

the results of Table 5 (considering the ratio given by ∥u∥ and the tracking761

times of 30 (s) and 2π (s)).762

The best behavior of PR-AC when tracking the selected fast and highly763

complex trajectory is depicted in Fig. 8 for the articular and Cartesian764

spaces. From that �gure, the trajectory developed by PR-AC is close to the765
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Table 10: Results obtained with the PR-AC for the fast and highly complex trajectory.

Index Mean Std. Min. Max.

ISE 1.0202e-01 2.2950e-03 9.7989e-02 1.0742e-01

T (s) 2.0603e+00 2.2407e-02 2.0360e+00 2.1110e+00

∥u∥ (Nm) 9.8199e+03 8.6908e+00 9.8028e+03 9.8364e+03

Articular space Cartesian space

PR-AC

Ref.

PR-AC

Ref.

Figure 8: Articular and Cartesian fast and highly complex trajectories tracked by the best

run of PR-AC.

reference. The associated articular position and speed errors are observed766

in Figures 9 and 10, respectively, while the control actions are illustrated in767

Fig. 11.768

Then, the proposed adaptive controller can track fast and highly complex769

trajectories subject to adverse conditions such as noise and uncertainties with770

acceptable performance and a�ordable execution time.771
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Figure 9: Articular position errors obtained with the best run of PR-AC for the fast and

highly complex trajectory.

PR-AC

Ref.

PR-AC

Ref.

Figure 10: Articular speed errors obtained with the best run of PR-AC for the fast and

highly complex trajectory.
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Figure 11: Control signals computed with the best PR-AC run for the fast and highly

complex trajectory.

5. Conclusions772

This paper proposes an optimized adaptive controller based on regres-773

sion for robotic manipulators. The strategy is based on the computed-torque774

controller (CTC), whose PID gains are adjusted online based on two op-775

timization processes: system identi�cation and tuning. Regarding the �rst776

problem, its solution is a regressor that makes predictions of the robot states.777

For this, a di�erent regressor structure can be selected to provide a suitable778

generalization of the robot behavior (i.e., adequate predictions of the system779

outputs over new or unknown input data di�erent from the one used during780

training). This work studies the performances of the Simple Linear Regres-781

sor (SLR) and the Polynomial Regressor (PR) within the proposed strategy,782

originating in the controllers denoted as SLR-AC and PR-AC. The existence783

of a closed-form expression allows the regression model to be �tted using past784

information about the robot's states and control inputs. The second prob-785
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lem uses the regressor predictions to decide about the CTC parameters that786

can achieve the best control performance under uncertainties. Due to the787

complexity of this problem, an improved Online variant of the Di�erential788

Evolution (ODE) is adopted to �nd suitable CTC gains.789

The proposal is tested in simulation assuming parametric uncertainties,790

random noise, and a highly nonlinear desired task. It is compared with791

the MH-AC adaptive controller based on online identi�cation and tuning792

with ODE. The CTC tuned o�ine through ODE without considering the793

undesired conditions above is also considered for comparisons. Based on794

the results obtained, PR-AC showed outstanding performance compared to795

CTC optimized o�ine and SLR-AC and competitive performance compared796

to MH-AC, considering the accuracy in trajectory tracking. When time is797

also taken into account, PR-AC is considerably more e�cient than MH-AC798

since it saves computational resources during the identi�cation stage by using799

a closed-form expression to adjust a simpli�ed regression model. In addition,800

PR-AC proved to be more energy e�cient.801

Thus, the con�dence in the obtained results with the proposed adaptive802

control strategy is con�rmed by non-parametric statistical tests, which in-803

fer that the proposal can e�ectively track complex trajectories despite the804

negative e�ects of uncertainties and noise, using a considerably low amount805

of computing resources (compared to more complex and accurate techniques806

such as MH-AC). This makes the proposal a�ordable and a promising candi-807

date for controlling systems of higher complexity (e.g., such as a six-degree-808

of-freedom robotic manipulator).809

It is suggested that a control event-triggered strategy be included in the810
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future to determine when to perform identi�cation and gain adjustment, and811

save even more computational resources.812
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Appendix A. End-e�ector kinematics1048

Appendix A.1. End-e�ector direct kinematics1049

The relationship between the Cartesian position of the end e�ector ξ =1050

[x, y]T and the articular coordinates q is given by (A.1).1051

ξ =

 l1 sin (q1) + l2 sin (q1 + q2)

−l1 cos (q1)− l2 cos (q1 + q2)

 (A.1)

The Cartesian velocities ξ̇ = [ẋ, ẏ]T of the end e�ector are obtained using1052

the expression in (A.2), where J (q) is the Jacobian matrix obtained as (A.3).1053

ξ̇ = J (q) q̇ (A.2)
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1054

J (q) =
∂ξ

∂q
(A.3)

Then, the Cartesian accelerations ξ̈ = [ẍ, ÿ]T can be calculated by di�er-1055

entiating ξ̇ in (A.4).1056

ξ̈ = J̇ (q) q̇ + J (q) q̈ (A.4)

Appendix A.2. End-e�ector inverse kinematics1057

Geometrically, the end e�ector position ξ can be represented in the space1058

of articular coordinates q = [q1, q2]
T as in (A.5).1059

q =

 cos−1
(

x2+y2−l21−l22
2l1l2

)
π
2
+ tan−1

(
y
x

)
− tan−1

(
l2 sin(q2)

l1+l2 cos(q2)

)
 (A.5)

The articular velocities are obtained in (A.6) by using (A.2).1060

q̇ = J−1 (q) ξ̇ (A.6)

Finally, the articular accelerations are calculated in (A.7) based on (A.6).1061

q̈ = J−1 (q) ξ̈ − J−1(q)J̇(q)J−1(q)ξ̇ (A.7)
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